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Cylindrical coordinate

VXE=-owuH &V xH = jweE
Vszp(E%_aﬂ)ﬂp (aﬂ_%) +Zg(6(pE<p) _aEp)

p 0@ 0z 0z ap P ; ap gcp
. 1 0E, ) ) 0E, 1 /O0(PEy) E
= (55 +IBEs v (<P, - 3) + 25 (52 - 55)
= p(—jouH,)+e(—jouH,) + z(—jouH,)
Similarly
10H, . . 0H, 1 (0(pH,) OH
p(;(?cp +]’BH¢)+(P(_J’BHp_ap)+Z;( 6pcp _a_gop)

= p(j&)ng)ﬂp(ja)gE(p) + z(joo eE,)

((‘(u\\'\\\‘\{n



Field Distribution

1 0E,

- L iBE . = —jwuH 2 _ WEOIE, 0H,

. E, .
JBE, ~ = antly ke = = (o + £
1 d(pEyp) aEp)__, 20 _ 0E; , WHOH,
p( op op /) JwpH; Kckp ]('g;p T 6<p)
1 0H, | . 2 . O0E, 0H,
; 50 | ],BH(p—j(.UEEp kcE<p —]( b 9 + wi ap)

0H

—jBH = jweE

JPHy =5, =lwek, k2 =k*—pB? &k =w iz

1 (a(pH<P) aHP) =jweE, Note:fhere are two equafions
p\ Op 0 that have not been used yet.




Transverse Electric (TE)

H, = _ —JpaH,
~ kZ 0p
*E,=0&H, #0. . _—]ﬁaHz
* Wave impedance P T pk2 g
ZTE — EP/H(,D — ‘E(p/Hp — @“/ﬁ — E _ _]a)ﬂaHZ
kn/p P pkZ dg
_ JWHOoH,
Ep = kZ op
a(PHcp):a(Hp)

dp dp




Transverse Magnetic (TM)

y _ JwEdE,
+E,#0 & H, = 0. ° pkE 99
« Wave impedance Hy, = _]kczungz
p
Inw = E,/H, = -E,/H, = B/we= pn/k _ifor,
E =
p ki 0p
__JP 9B,
¢ pké 0¢
d(pPEyp) %




Circular Waveguide
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TE (1)

1 a(PEcp)_ai _
p( dp 6<p)_ IOO“HZ.
_ JWHOH, _ —JWUOH,
& E, = 2 ap & E, = YR
02 1o 1082 _
(57 + 53 * 5797 Hhe) H =0

11

N
7

and fthen use

() " separafion of variables” H,(p,p) =
P(p)@(p)e

d?o

PrEtP T (kp? —ki)P =0 & doZ ko® =0
2
For Z—;+ ko® = 0, @(¢) = Asink,¢ + Bcosk,p, and @ should
be periodic every 2m, thus k, =n =0,1,2,3...
P, W g ’



Bessel functions
Bessel's differential equation x? %+x2—i+ (x?—a?)y =0, «
can be a complex number, in our application a =0,1,2,3...
Bessel functions of the 15t kind (left) and the 2nd kind (right)
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TE (2)

p2 d’ P+p— + (kfp? —n?)P =0 is Bessel equation g

The solution is P(p) = CJ,,(k.p)+DY, (k.p), J]o(x) and Y, (x) are
Bessel functions of the 15" and 2"9 kind. Y,(0) = —o is not
acceptable since the field at p=0 cannot be infinite, thus
D=0 and P(p) = C]n(kcp) We have




TE (3)

Boundary conditions:

E field should be perpendicular to
fhe metal walls, thus E,|,=, = 0

Values of P,{m

]‘r’l(kca) =0

We define P the mih oot of /., n
withm =1,2,3... 3.832 70]6 10174
we have k, , = Pl /. 1 1.841 5331 8.536

2 3.054 6.706 9.9/70




—Jw . ) . . A
E, = JOrn (Acosng — Bsinng)]/, (PTp) e 1Pz rotating terms containing B

TE (4)
Terms containing A can be %$T9%X
P (orthogonal, while n # O

.oopl . (P! y olarization’ degeneracy). One

E, = jou (Asinng + Bcoana)]n( o ,0) e Ikz gan choose el’rhger the TQrm that
¢ a containing A or the term fhat
E,=0 containing B, for example:
__pl / ‘ _Jwtn o - Pnm —iBz

H,=—Jjf P’;m (Asinng + Bcosng)J, (P’;m p) o8z Ep ; 55”1"(% ( ; (Ilj,) e )

_ E, = jwou—"Bcosng], (12 p) ek

_ Jpn . - Prm - P a n\ a
H, = . (Acosng — Bsinng)], (—a p) e Pz E, =0
/ / ) . P1,1m / Prllm —iB

H, = (P”T’")Z(Asinngo + Bcosng)/, (P""Tm p) e Ipz Hy = _/'B a Bcosmp]"( a p) e

Py, :
: nm ~IBz
With kg pm = Pin /O a p)e
_ £

’m P1’1m —
| Hz = ( a )chosmpjn( a p)e Pz I

H, = ]%"nBSinnwjn (




Asinng + Bcosng and degeneracy

 Degenerate modes: modes that have the same cutoff frequency in
a waveguide or have the same frequency in a cavity.

 Mathematically Asinng + Bcosng #+ Bcosngp, we choose cos so that
when n =0, it is non-zero.

« For a cylindrical symmetric structure, however, If you rotate 90°/n of
the field pattern that containing tferm A, you will get the field pattern
that containing term B (while n # 0, polarization degeneracy). One
can choose either the term that containing A or the term that
containing B.

 The mode pattern inside is determined by the input signal.
i‘\\ « We will show an example about polarization degeneracy soon.




TE (5)

n=0,123...andm=1,23...

TE. ., with n for ¢ and m for p.

There is no TE,, mode in a circular waveguide.

There are TE,,, modes in it.

The mode with lowest cutoff frequency for TE modes is TE,;,
184lc

WIth fe rg = —— Values of P,{m
3054C __3.832c

Jo TEy ~ 2ma & Je TEo — 2ma n

TE;;is the dominant mode. 3.832 7. O] 6 1O 174

- 1.841 5331 8.536
h 2 3.054 6.706 9.970 .



Meaning of n

. P*;Lm ! P‘l{lm —|

* Ep = jou=" Bcosncp]n( . p) ez

* n = 0 means the fields do not change along ¢ (recall that
TEM mode in coax line do not change along ¢ as well), it

Is called monopole.

n =1 means the fields change 1 cycle (cosp) along ¢, it is
called dipole.

* N =2 means the fields change 2 cycles (cos2¢) along ¢, it
Is called quadrupole.

* N = 3 sextupole/hexapole, n = 4 octupole...




Meaning of m

!

« The m'h rooft for J,, (P"’" p)

a

e There is no zero™ root thus m =1,2,3...

*eg, D,
U
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TE] 1 CUTOff

« Loss of TE;; versus frequency (assuming 2m long waveguide with Cu wall).
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Polarization Degeneracy In TE;;

n =1, dipole, fields change 1 cycle along ¢. Another
mode that has the same field pattern but rotated 0.
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Polarization Degeneracy In TE;;

» Loss of TE;, (degenerated) versus frequency (assuming 2m long cable with
Cu walls).

S-Parameters [Magnitude in dB]

° ; ; ; ; ; — swm TE7; 300 between 2 ports
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20 ------------ -------- m ------------ The attenuation depends on the
b polarization of the port modes on the
8 B0 e AR :j"?;:jj:j;:j:@jj:jji‘"""‘""‘i """""" input and output ports, if they are not
I . T T _ﬁ ____________ aligned, the attenuation will be higher,
B but it is not real, the total power going
0 SRR - SRSSSSNIUNS WSNSUURE WSS S— S 1 O S— fo two degenerafed modes on fhe
T output should be ~100% (minus wall loss),
60 i 5 5 i i i f 5 25% attenuation (-1.25dB) for the blue
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Frequency / GHz curve and 75% attenuation (-6dB) for

the orange curve in the plof.
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rotating
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TE,; H with a circular
polarization input signal
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Circular Waveguide — TM (1)

1 a(pH(p)_aHp)_.
p( 5 30 =|wEE,
_ JWEOIE, _ —jWEIE,
& Hy =L oS & Hy ==
1o 1 52 2 _
—>(£+;a—p+—2£+kC)EZ—O

thus E,(p, @) = k2(Asinng + Bcosng)J,,(k.p)e 7P
and boundary condition E;|,=, = 0, sO J,(kca) =0
We define B,,,, the mth root of J,(P,,), withm =1,2,3.. Values of an

we have ke m = Pun/C. n-

2.405 5.520 8 654
1 3.832 7.016 10.174
5.135 8.417 11.620




Bessel functions

Bessel functions of the 15t kind

We define P;,, the m™ root of
(P, withm =1,2,3...

We define B,,, the m™ root of * pj—
Jn(Pr). Withm =1,2,3... \
Pim = Pom /\Aj\’ |
In fact J§(x) = —J; (x) A AN |
0.2 }; 7 ‘\. v l/, ,'r\\: N I ) 7 :\/\ I‘.\. I
™, & TEy, have the same .| L \ | / ’\ t /[ :\ y ﬁ
cutoff  frequency, TE-TM . \ A\ /' \\4:; i \:‘f;y\g.‘
degenerc’rion. \AA 7T
o I I
N 7 (&%, ———

From: W|k|ped|c: h’r’rps //en.wikipedia. org/W|k|/BesseI function



Circular Waveguide — TM (2)

Terms containing A can be get
by ro’ra’nng{ terms containing B
: ) oo 5] o Sopoend Ul 2

= —jp-nmn ' /[ Lnm —jBz ne can c oose either
/'[’) (Asinng + Bcosncp)]n( )e term that containing A or the
term that containing B, for

/’Bn —~— (Acosng — Bsinng)J, (an ) R example ( ) 'B
= —j,b’ = Asinng/;, eIrz

Ep =

an . nm -
E, =(— ) (Asinng + Bcosng)J, (—,0) eIk E(p _/'gnAcosngojn( ) -jBz
H, / wén (Acosng — Bsinng)J, (an ) bz Er = ( “As mngo]n( P ) ks
H =/ wgnAcosngo]n( p) 1Bz
H, = —j a)spn—m (Asinng + Bcosng)Jy, (an ) Pz Hp _
o=
H =0 — ]a)g— Asmngo]n( ,0) “IBz

H,=0



Circular Waveguide — TM (3)

n=0,123...andm=1,2,3..
There is no TM,, mode in a cwcular waveguide.

There are TM,,, modes in if.
The mode with lowest cutoff frequency for TM modes s

2 405c¢
TMor. WIth fe tm,, = =, Values of P,

fe1m,, S petween, 18, Sete, -:-

2.405 °. 520 8 654
1 3.832 7.016 10.174
2 5.135 8.417 11.620

A e————
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Circular Waveguide — TM,;
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TEy, & TM,, degeneracy

« Two modes with the same cutoff, with k.b =3.832 — TE-TM
degeneracy. BTW, it is also possible to have TE-TE or TM-TM
degeneracy.
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