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Outline	
  

•  Introduc+on	
  
•  Electrons’	
  trajectory	
  and	
  resonant	
  condi+on	
  
•  Analysis	
  of	
  FEL	
  process	
  at	
  small	
  gain	
  regime	
  
(Oscillator)	
  

•  Analysis	
  of	
  FEL	
  process	
  at	
  high	
  gain	
  regime	
  
(Amplifier)	
  

	
  



Introduc+on	
  I:	
  Basic	
  Setup	
  
Planar	
  undulator	
  

Helical	
  undulator	
  

Helical	
  wiggler	
  for	
  CeC	
  PoP	
  
By x, y, z( ) = B0 sin kuz( )
for x, y << gap size

Bx x, y, z( ) = B0 cos kuz( )
By x, y, z( ) = B0 sin kuz( )
for x, y << gap size

opposite	
  helicity	
  



Introduc+on	
  II:	
  different	
  types	
  of	
  FEL	
  
FEL	
  Oscillator	
  

(Low	
  gain	
  regime)	
  

FEL	
  Amplifier	
  
(High	
  gain	
  regime)	
  

	
  
	
  	
  

SASE	
  FEL	
  	
  
(High	
  gain	
  regime)	
  

Self-­‐Amplified	
  Spontaneous	
  EmiMon	
  (SASE)	
  



Unperturbed	
  Electron	
  mo+on	
  in	
  helical	
  wiggler	
  	
  
(in	
  the	
  absence	
  of	
  radia+on	
  field)	
  

 
!
Bw x, y, z( ) = Bw cos kuz( ) x̂ − sin kuz( ) ŷ⎡⎣ ⎤⎦

 
!
F x, y, z( ) = −e!v ×

!
B = −evzẑ ×

!
B = −evzBw cos kuz( ) ŷ + sin kuz( ) x̂⎡⎣ ⎤⎦

d mγ vx( )
dt

= mγ dvx
dt

= −evzBw sin kuz( ) d mγ vy( )
dt

= mγ
dvy
dt

= −evzBw cos kuz( )

γ = 1
1− v2 / c2 v = vx

2 + vy
2 + vz

2

 
!v ≡ vx + ivy

 
mγ d

!v
dt

= −ievzBw cos kuz( )− isin kuz( )( ) = −ievzBwe
− ikuz

 
mγ d

!v
dz

= mγ dz
dt
d !v
dt

= −ievzBwe
− ikuz ⇒ mγ d

!v
dz

= −ieBwe
− ikuz

 

!v z( )
c

= −ieBw
mcγ

e− ikuz1 dz1∫ = eBw
mcγ ku

e− ikuz1 = K
γ
e− ikuz1

K ≡ eBwλw

2πmc

Undulator	
  parameter,	
  
also	
  called	
  	
   aw

θ s = K /γ

Electron	
  rota+on	
  angle	
  
in	
  undulator:	
  

Assume	
  the	
  ini+al	
  velocity	
  of	
  the	
  electron	
  
make	
  the	
  integral	
  constant	
  vanishing.	
  

 

!v⊥ z( ) = cK
γ

cos kuz( ) x̂ − sin kuz( ) ŷ⎡⎣ ⎤⎦ vz = const.
 

!x z( ) = !v t1( )dt1
0

z

∫ + !x z = 0( )



Energy	
  change	
  of	
  electrons	
  due	
  to	
  radia+on	
  field	
  

Consider	
  a	
  circularly	
  polarized	
  electromagne+c	
  wave	
  (plane	
  wave	
  is	
  an	
  assump+on	
  for	
  1D	
  
analysis,	
  which	
  is	
  usually	
  valid	
  for	
  near	
  axis	
  analysis)	
  propoga+ng	
  along	
  z	
  direc+on	
  

 

!
E⊥ z,t( ) = E cos kz −ωt( ) x̂ + sin kz −ωt( ) ŷ⎡⎣ ⎤⎦

= E cos k z − ct( )( ) x̂ + sin k z − ct( )( ) ŷ⎡⎣ ⎤⎦

 

!v⊥ z( ) = cK
γ

cos kuz( ) x̂ − sin kuz( ) ŷ⎡⎣ ⎤⎦

Energy	
  change	
  of	
  an	
  electron	
  is	
  given	
  by	
  

Ez = 0

  

dE
dt

=
!
F ⋅ !v = −e!v⊥ ⋅

!
E⊥

ω = kc

 

dE
dz

= −eEθ s
c
vz
cos ψ( ) ≈ −eEθ s cos ψ( )

To	
  the	
  leading	
  order,	
  electrons	
  move	
  with	
  constant	
  velocity	
  and	
  hence	
  	
   z = vz t − t0( )

ψ = kuz + k z − ct( )
Pondermo+ve	
  phase:	
  



Resonant	
  Radia+on	
  Wavelength	
  

 

dE
dz

= −eEθ s cos kw + k − k
c
vz

⎛
⎝⎜

⎞
⎠⎟
z +ψ 0

⎡

⎣
⎢

⎤

⎦
⎥

We	
  define	
  the	
  resonant	
  radia+on	
  wavelength	
  such	
  that	
  

kw + k0 − k0
c
vz

= 0⇒λ0 = λw
c
vz

−1
⎛
⎝⎜

⎞
⎠⎟
≈ λw

2γ z
2

γ z
−2 ≡ 1− vz

2 / c2 = 1− vz
2 + v⊥

2( ) / c2 + v⊥2 / c2 = γ −2 +θ s
2 = γ −2 1+ K 2( )

λ0 ≈
λw 1+ K

2( )
2γ 2

K ≡ eBwλw

2πmcFEL	
  resonant	
  frequency:	
  

At	
   resonant	
   frequency,	
   the	
   rota+on	
   of	
   the	
   electron	
   and	
   the	
   radia+on	
   field	
   is	
  
synchronized	
  in	
  the	
  x-­‐y	
  plane	
  and	
  hence	
  the	
  energy	
  exchange	
  between	
  them	
  is	
  most	
  
efficient.	
  	
  



Helicity	
  of	
  radia+on	
  at	
  synchroniza+on	
  

 
!v⊥ t0( )

 
!v⊥ t1( )  

!v⊥ t2( )

 
!v⊥ t3( )

 
!v⊥ t3( )

 
!v⊥ t2( )

 
!v⊥ t1( )

 
!v⊥ t0( )

t0 < t1 < t2 < t3

Electrons	
  move	
  slower	
  than	
  radia+on	
  
and	
   hence	
   see	
   the	
   radia+on	
   wave	
  
slipping	
   ahead.	
   As	
   a	
   result,	
   the	
  
rota+on	
   direc+on	
   of	
   the	
   radia+on	
  
field	
  seen	
  by	
  an	
  electron	
  is	
  the	
  same	
  
as	
  its	
  own	
  rota+on	
  direc+on.	
  

t
t

Radia+on	
  field	
  observed	
  by	
  
electrons	
  

Electrons’	
  trajectories	
  

The	
  synchroniza+on	
  requires	
  opposite	
  helicity	
  of	
  radia+on	
  with	
  respect	
  to	
  the	
  electrons’	
  
trajectories.	
  



Longitudinal	
  equa+on	
  of	
  mo+on	
  
In	
  the	
  presence	
  of	
  the	
  radia+on	
  field,	
  the	
  longitudinal	
  equa+on	
  of	
  mo+on	
  of	
  an	
  
electron	
  read	
  

 

dE
dz

= −eEθ s cos ψ( ) ψ = kwz + k z − ct( )

 

d
dz
ψ = kw + k −

ω
vz E( )

≈ kw + k −ω
1

vz E0( ) + E − E0( ) d
dE

1
vz

⎡

⎣
⎢

⎤

⎦
⎥

≈ kw + k −
ω

vz E0( ) +
ω
γ z
2c

E − E0( )
E0

γ z
2 = γ 2

1+ K 2( )
dγ z

dγ
= γ
γ z 1+ K

2( )
d
dγ z

1
βz

= − 1
2βz

3
d
dγ z

1− 1
γ z
2

⎛
⎝⎜

⎞
⎠⎟
= − 1

βz
3γ z

3

 

d
dE

1
vz

= 1
mc3

d
dγ

1
βz

= 1
mc3

dγ z

dγ
d
dγ z

1
βz

 

⇒

dP
dz

= −eEθ s cos ψ( )
d
dz
ψ ≈C + ω

γ z
2cE0

P

⎧

⎨
⎪
⎪

⎩
⎪
⎪  

C ≡ kw + k −
ω

vz E0( )

 P ≡ E − E0

Detuning	
  parameter:	
  

 E0   is the average energy of the beam.

Energy	
  devia+on:	
  



Low	
  Gain	
  Regime:	
  Pendulum	
  Equa+on	
  

We	
  assume	
  that	
  the	
  change	
  of	
  the	
  amplitude	
  of	
  the	
  radia+on	
  field,	
  E,	
  is	
  negligible	
  
and	
  treat	
  it	
  as	
  a	
  constant	
  over	
  the	
  whole	
  interac+on.	
  

 

dP
dz

= −eEθ s cos ψ( )
d
dz
ψ = C + ω

γ z
2cE0

P

⎫

⎬
⎪
⎪

⎭
⎪
⎪

⇒
 

d 2

dz2
ψ + eEθ sω

γ z
2cE0

cos ψ( ) = 0

d 2

dẑ2
ψ + û cos ψ( ) = 0

 
û = lw

2eEθ sω
γ z
2cE0

ẑ = z
lw

Pendulum	
  equa+on:	
   d 2

dẑ2
ψ + π

2
⎛
⎝⎜

⎞
⎠⎟ + û sin ψ + π

2
⎛
⎝⎜

⎞
⎠⎟ = 0



RF	
  phase,	
  

Low	
  Gain	
  Regime:	
  Similarity	
  to	
  Synchrotron	
  Oscilla+on	
  

d 2φrf
ds2

= urf sinφrf

φrf = k0hrfτurf =η
1
C
eVRFk0hrf

p0c

φrf
En

er
gy
	
  d
ev
ia
+o

n	
  

En
er
gy
	
  d
ev
ia
+o

n	
  

Pondermo+ve	
  phase,	
  

− 3π
2

π
2

− π
2

ψ

d 2

dẑ2
ψ + π

2
⎛
⎝⎜

⎞
⎠⎟ + û sin ψ + π

2
⎛
⎝⎜

⎞
⎠⎟ = 0

 
û = lw

2eEθ sω
γ z
2cE0

ψ = kuz + k z − ct( )

	
  	
  	
  	
  	
  is	
  the	
  angle	
  between	
  the	
  transverse	
  velocity	
  
vector	
  and	
  the	
  radia+on	
  field	
  vector	
  and	
  hence	
  
there	
  is	
  no	
  energy	
  kick	
  for	
  	
  

ψ

ψ = π / 2

Synchrotron	
  Oscilla+on	
  FEL	
  	
  

0−π π



Low	
  Gain	
  Regime:	
  Qualita+ve	
  Observa+on	
  

*Plots	
  are	
  taken	
  from	
  talk	
  slides	
  by	
  Peter	
  Schmuser.	
  

( ) ππψ /2/− ( ) ππψ /2/−

En
er
gy
	
  d
ev
ia
+o

n	
  

En
er
gy
	
  d
ev
ia
+o

n	
  
The	
  average	
  energy	
  of	
  the	
  electrons	
  
is	
  right	
  at	
  resonant	
  energy:	
  

λ0 ≈
λw 1+ K

2( )
2γ 2

( )
0

2

0 2
1
λ

λγγ Kw +==⇒

The	
  average	
  energy	
  of	
  the	
  electrons	
  
is	
  slightly	
  above	
  the	
  resonant	
  energy:	
  

γγγ Δ+= 0

With	
  posi+ve	
  detuning,	
  there	
  is	
  
net	
  energy	
  loss	
  by	
  electrons.	
  



Low	
  Gain	
  Regime:	
  Deriva+on	
  of	
  FEL	
  Gain	
  
Change	
  in	
  radia+on	
  power	
  density	
  (energy	
  gain	
  per	
  seconds	
  per	
  unit	
  area):	
  

( ) EEcEcEEc extextextr Δ≈−Δ+=ΔΠ 0
2

0
2

0 2 εεε

Average	
  change	
  rate	
  in	
  electrons’	
  energy	
  per	
  unit	
  beam	
  area:	
  

e
Pj

e
0=ΔΠ

Assuming	
  radia+on	
  has	
  the	
  same	
  cross	
  sec+on	
  area	
  as	
  the	
  electron	
  beam,	
  we	
  
obtain	
  the	
  change	
  in	
  electric	
  field	
  amplitude:	
  	
  

eEc
Pj

E
ext0

0

2 ε
−=Δ⇒=ΔΠ+ΔΠ 0er

*The	
  average,	
  <…>,	
  is	
  over	
  all	
  
electrons	
  in	
  the	
  beam.	
  

 

dP
dz

= −eEθ s cos ψ( )
d
dz
ψ = C + ω

γ z
2cE0

P

⎫

⎬
⎪
⎪

⎭
⎪
⎪

⇒ ( )[ ]∫−=
1

0

ˆˆcos zdzeEP s ψθ

( ) ( ) ( )∫ ∫
∞

∞−

=
π

ψψψ
2

0
000000 ,,, zPPPfddPzP

Energy	
  devia+on	
  at	
  entrance	
  

Pondermo+ve	
  phase	
  at	
  entrance	
  



Low	
  Gain	
  Regime:	
  Deriva+on	
  of	
  FEL	
  Gain	
  

0cosˆ
ˆ2
2

=+ ψψ u
zd
d

( ) ( ) ( ) ( )∫ ∫−+=
z z

zdzzduzz
ˆ

0

ˆ

0
221

1

ˆˆcosˆˆˆ0'0ˆ ψψψψ

 

dP
dz

= −eEθ s cos ψ( )
d
dz
ψ = C + ω

γ z
2cE0

P

⎫

⎬
⎪
⎪

⎭
⎪
⎪

⇒

Assuming	
  that	
  all	
  electrons	
  have	
  the	
  same	
  energy	
  and	
  uniformly	
  distributed	
  in	
  the	
  
Pondermo+ve	
  phase	
  at	
  the	
  entrance	
  of	
  FEL:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  00 =P

C
zd
d ˆ
ˆ

=ψ wClC ≡ˆ
( ) zCz ˆˆˆ 0 +=ψψ

⎪⎩

⎪
⎨
⎧

⇒

( ) ( )zzCz ˆ,ˆˆˆ 00 ψψψψ Δ++=

( ) Ĉ0' =ψ

Inser+ng	
  the	
  zeroth	
  order	
  solu+on	
  back	
  into	
  eq.	
  (1)	
  yields	
  the	
  1st	
  order	
  solu+on:	
  	
  	
  

(1)	
  

The	
  zeroth	
  order	
  solu+on	
  for	
  phase	
  evolu+on	
  is	
  given	
  by	
  ignoring	
  the	
  effects	
  from	
  
FEL	
  interac+on:	
  	
  

( )
π

ψ
2
1

0 =f

( ) [ ]∫ ∫ +−≡Δ
z z

zdzCzduz
ˆ

0

ˆ

0
22010

1

ˆˆˆcosˆˆˆ, ψψψ



Low	
  Energy	
  Regime:	
  Deriva+on	
  of	
  FEL	
  Gain	
  

( )[ ]

[ ] ( )( ) [ ] ( )( )

( ) [ ] [ ]

( ) ( ) ( ) ( )

( ) ( )

⎟⎟⎠

⎞
⎜⎜⎝

⎛
−−−=

⎭
⎬
⎫

⎩
⎨
⎧

−=

⎭
⎬
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⎩
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⎧
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CCC
C
uleE
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C
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dzzCdzzCzdleE
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zdzzCleEzdzzCleE

zdzzCeElP

ws
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∫

∫ ∫

Average	
  energy	
  loss	
  of	
  electrons	
  



Low	
  Energy	
  Regime:	
  Deriva+on	
  of	
  FEL	
  Gain	
  

( ) ( )Cf
E
E

E
EEEg

extext

extext
s

ˆ2
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22
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2

ˆ
mcc

eElu
z

sextw

γγ
ωθ=

e
mcIA

3
04πε=

The	
  gain	
  is	
  defined	
  as	
  the	
  rela+ve	
  growth	
  in	
  radia+on	
  power:	
  

Growth	
  in	
  the	
  amplitude	
  of	
  radia+on	
  field:	
  

Cubic	
  in	
  FEL	
  length	
  

As	
  observed	
  earlier,	
  there	
  is	
  no	
  gain	
  if	
  
the	
  electrons	
  has	
  resonant	
  energy.	
  



High	
  Gain	
  Regime:	
  1-­‐D	
  FEL	
  Theory	
  	
  

•  Ignoring	
   the	
   space	
   charge	
   effects,	
   the	
  
Hamiltonian	
   for	
   electrons	
   in	
   a	
   FEL	
   can	
   be	
  
wri_en	
  as	
  (see	
  addi+onal	
  material):	
  	
  

( ) ( ) ( )( )ψψ

γ
ωψ ii

z

ezUezUP
Ec

CPzPH −+−+= *2

0
22

,,

( )
i
zEeU s

2

~θ−= ( ) ( )[ ]tczizEiEE yx −=+ /exp~ ω

[ ] ( )[ ] ( ) ( )( )zzEeezEeUeH
dz
dP

s
i

s
i ϕψθθ

ψψ
ψψ +−=−=

∂
∂=

∂
∂−= cos~~ReRe2

Slow	
  varying	
  phase	
  

P
Ec

C
P
H

dz
d

z 0
2γ
ωψ +=

∂
∂=⎪⎩

⎪
⎨
⎧

⇒



Lineariza+on	
  of	
  Vlasov	
  Equa+on	
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∂
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Assuming	
  that	
  there	
  is	
  no	
  ini+al	
  modula+on	
  in	
  the	
  electrons,	
  i.e.	
  	
  	
   ( ) 00~1 =f

Vlasov	
  equa+on:	
  

Linearized	
  Vlasov	
  equa+on:	
  

Integrate	
  over	
  energy	
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Wave	
  Equa+on	
  
1-­‐D	
  theory	
  and	
  hence	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  0/ =∂∂ x 0/ =∂∂ y

Wave	
  equa+on	
  for	
  transverse	
  vector	
  poten+al:	
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Transverse	
  current	
  perturba+on:	
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We	
  seek	
  the	
  solu+on	
  for	
  vector	
  poten+al	
  of	
  the	
  form:	
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1.	
  Ignoring	
  fast	
  oscilla+ng	
  term	
  	
  	
   zikwe2~

2.	
  Ignoring	
  second	
  deriva+ve	
  by	
  assuming	
  that	
  	
  	
  the	
  	
  varia+on	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
is	
  negligible	
  over	
  the	
  op+cal	
  wave	
  length.	
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In	
  order	
  to	
  relate	
  the	
  vector	
  poten+al	
  to	
  the	
  electric	
  field,	
  we	
  use	
  the	
  Maxwell	
  
equa+on:	
  

Ader	
  neglec+ng	
  the	
  fast	
  oscilla+on	
  terms,	
  we	
  get	
  the	
  following	
  rela+on	
  between	
  the	
  
current	
  perturba+on	
  and	
  the	
  vector	
  poten+al	
  of	
  the	
  radia+on	
  field:	
  

Finally,	
  the	
  rela+on	
  between	
  the	
  radia+o	
  field	
  and	
  the	
  current	
  modula+on	
  is	
  obtained:	
  



Integra-­‐differen+al	
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Let’s	
  put	
  together	
  what	
  we	
  achieved	
  so	
  far…	
  

Ader	
  inser+ng	
  the	
  la_er	
  two	
  equa+ons	
  back	
  into	
  the	
  first	
  equa+on,	
  we	
  arrive	
  at	
  	
  

where	
  the	
  following	
  normalized	
  variables	
  are	
  used	
  to	
  make	
  the	
  equa+on	
  more	
  
compact:	
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Solu+on	
  for	
  Cold	
  Beam	
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  obtain	
  a	
  third	
  order	
  
homogenous	
  ODE:	
  



Solu+on	
  for	
  Cold	
  Beam	
  

The	
  general	
  solu+on	
  of	
  the	
  ODE	
  reads:	
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Applying	
  ini+al	
  condi+on	
  to	
  get	
  the	
  coefficients	
  

For	
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  the	
  solu+on	
  can	
  be	
  explicitly	
  wri_en	
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