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Outline

• Transverse beam breakup instability (BBU) in 
linear accelerator
– Two particle model
– BNS damping

• Longitudinal microwave instability
– Dispersion relation
– Cold beam 
– Warm beam (Keil-Schnell criteria for stability)
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Single pass BBU (Two particle model)
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*Note: our definition of the transverse wake function follow G. Stupakov’s note and has a 
sign difference from that defined in A. Chao’s book, i.e. W1 here is -W1 in Chao’s book.
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Driving term for particle 2
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Transverse momentum change of particle 2 due 
to wakefield while it goes through the structure

Transverse angle change of particle 2 
due to wakefield

Transverse angle changing rate of particle 2 due 
to wakefield, driving term
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Single pass BBU (Two particle model)
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For a linear inhomogenous 2nd order differential equation
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Single pass BBU (Two particle model)
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Noticing that before going through the structure, particle 2 has the same trajectory as that of
Particle 1, i.e. 
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Single pass BBU II
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One possible cure: BNS damping
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Condition for complete compensation:

Introduce focusing variation along the bunch, i.e. head and tail have different focusing strength
Balakin, Novokhatsky, and Smirnov
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Longitudinal Microwave Instability
ψ 0 z,ΔE( ) =ψ 0 ΔE( ) = N

C0

f0 ΔE( )

Unperturbed phase space density:

ρ0 z( ) = ρ0 = N
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V// z0( ) = λ z1( )w// z1 − z0( )dz1
z0

∞



= ρ0 W0
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∞
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DC current does not excite wake

Consider perturbation in phase 
space density:

ψ 1 z,ΔE,0( ) =ψ̂ 1 ΔE( )einz/R

n-th azimuthal mode

ψ 1 * z,ΔE,t( ) =ψ̂ 1 * ΔE( )ein z−v0t( )/R =ψ̂ 1 * ΔE( )einz/R−iΩ*t  Ω* = nv0 / R = n2πv0 / C = nω 0

ψ 1 z,ΔE,t( ) =ψ̂ 1 ΔE( )einz/R−iΩtAnsatz:

C0 = 2πR
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Random noise Sinusoidal perturbation
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Longitudinal Microwave Instability
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But the system is not likely to be static and we need to solve Vlasov equation self-
consistently to know the answer for      and hence  Ω ψ 1 s,ΔE,t( )
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where                 is the revolution period. Using the test solution

and the following relations

Longitudinal Microwave Instability
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Hence, we obtain

ψ 1 z,ΔE,t( ) =ψ̂ 1 ΔE( )einz/R−iΩt

we can write the energy kick in term of longitudinal impedance 

(2)
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Longitudinal Microwave Instability
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−iΩψ 1 z,ΔE,t( ) + v ΔE( ) ⋅ in
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Inserting eq. (1) and (2) into Vlasov equation, we obtain 

, which can be rewritten as

ψ 0 ΔE( ) = N
C0

f0 ΔE( )
Dispersion relation:
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Integrating above equation over energy, i.e.                   , yields       
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Longitudinal Microwave Instability

ω ΔE( ) = ω 0 + Δω ΔE( ) = ω 0 − ηω 0
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us whether the system is 
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Longitudinal Microwave Instabilities
Cold beam continued:

Taken from ‘Accelerator Physics’ by S.Y. Lee

-
inductive

capacitive

η > 0(assuming           ) Ω ≈ nω 0 ±ω 0
ieI0ηnZ // nω 0( )

2πE0β
2

For cold beam, the only case for stable 
beam is the machine impedance is pure 
inductive, i.e.                   , for           , and 
capacitive, i.e.                      for             .               

( )//Im 0Z < 0η >
( )//Im 0Z > 0η <
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Longitudinal Microwave Instabilities
Warm Beam: f0 ΔE( ) = 1
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Dispersion relation for 
warm beam

• The dispersion relation is solved by numerical 
plotting the contours for various          in the 
complex impedance plane.

ImΩ

ψ 1 z,ΔE,t( ) =ψ̂ 1 ΔE( )einz/R−iΩt



PHY 564 Spring 2026 Lecture 22

Longitudinal Microwave instability
Gaussian with various 
growth rate, 

Contours with              for 
various energy distribution 

Keil-Schnell criterion

Z // nω 0( ) / n ≤
2π η σ E

2

E0β
2eI0

F

Simplified estimation for 
stability condition:

F depends on distributiion
and for Gaussian energy
distribution, it is 1.



PHY 564 Spring 2026 Lecture 22

Typical Longitudinal Impedance
j = −i

Resonator model 
(cavities)

− −

− −

−

−

Taken from ‘Coasting beam longitudinal coherent 
instabilities’ by J.L. Laclare
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Many pictures and derivations used in the slides 
are taken from the following references:

[1] ‘Accelerator Physics’ by S.Y. Lee;
[2] ‘Physics of Collective Beam Instabilities in 
High Energy Accelerators’ by A. Chao;
[3] ‘Coasting beam longitudinal coherent 
instabilities’ by J.L. Laclare
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What we learned today
• In linear accelerator, single bunch transverse beam break up instability can 

develop if the bunches are not carefully injected and machine transverse wake 
function / impedance is large. Such a instability can be compensated by 
introducing focusing variation along the bunch, i.e. BNS damping.

• We also derived the dispersion relation for longitudinal microwave instability in a 
coasting beam. For cold beam, the beam is always unstable unless the impedances 
is pure inductive above transition or pure capacitive below transition. For warm 
beam, Landau damping make beam stable if the beam energy spread is sufficiently 
large. The stability condition can be estimated from Keil-Schnell criteria.  
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