
PHY 564 Fall 2017 Lecture 6 

PHY 564 
Advanced Accelerator Physics 

Lecture 6 
Matrices and Matrix function 

Silvester formulae 
 Vladimir N. Litvinenko 

Yichao Jing 
Gang Wang 

 
CENTER for ACCELERATOR SCIENCE AND EDUCATION 
Department of Physics & Astronomy, Stony Brook University 

Collider-Accelerator Department, Brookhaven National Laboratory 
 
 

1 



PHY 564 Fall 2017 Lecture 6 2 

Matrices and matrix functions. As a practical matter, when somebody wants to build an 
accelerator, she or he should use some approximations. One of VERY popular design 
approximation is called “an element (usually a magnet)” with nearly constant parameters. 
Then our Hamiltonian is s-independent on at part of the trajectory.   

 
H = Hi (s); Hi (s) = const; si < s < si+1{ }; dM

ds
= SH ⋅M; D = SH

M so, s( ) = Mi
i=1
∏ ; Mi si , s( ) = exp SHi s − si( )( )

   (187) 

e.g. we just need to learn how to calculate exp SHi s − si( )( ) . Finally, she or he than 
should try to build such elements. They never ideal but can be relatively close to the ideal 
boxes…  

 
Typical elements of accelerators are dipoles and quadrupoles (or their combination), 
sextupoles and octupoles (they a nonlinear), solenoids, wigglers…. Let’s start from a 
linearized Hamiltonian (143) magnetic DC elements – this is typical accelerator beam-
line.  
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What we learned today? 
•  Linear ordinarary equations with constant coefificents (D-matrix) 

have a natural solution as exp(D.s) 
•  We can use functions of matricies and built entire method have 

analytical expression of matrix function as soon as we know eigen 
values of matrix D 

•  Matrix function have a very simple and elegant form – callse 
Sylveter formula- when eigen values are unique (e.g. in non-
degenrating case) and D can be diagonalized 

•  But even in a most general case, we can write analytical expression 
for matrix function 

•  In linear Hamiltonian case, eigne values split in pair of (λ,-λ) and the 
expression can be even further simplified 

•  The remaining task for linear matrices if accelerators is to find 
analytical expression for eigen values – the job for next class  
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