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Fundamentals of Accelerator Physics

Lecture 9: Introduction to RF accelerators
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Iinear accelerators: from electrostatic to RF
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Can one gain the energy again and again by passing
through a DC accelerating gap?

Electrostatic: what 1s the limit ?

Maxwell equations and energy conservation law!

AE=e§[5E-dT=—§%( f%)

E=—Vo — E(F)=E(0)-ep(F)

Can not cheat the Maxwell equations



Induction linacs: linear betatrons

e Useful for high power and high current beams
e Have limited accelerating field
e By nature are pulsed, with relatedly low rep-rate (kHz)



It has oscillating (typically sinusoidal in time)
longitudinal (along the particle’s trajectory)
eclectic field

B
It also has longitudinal structure (cells) which g

alternates the direction of the filed

When particle propagates through the RF
accelerator, the field direction in each cell is

How RF accelerator works
synchronized with the particle arrival and the

—
‘ ‘ ‘ ‘ Linac
effect from all cells is added coherently

ci—E =¢E-v —sign(E-V)=const
[

Widerée’s linac: f=v/c is changing Electron linac




Normalized field

blail bosilemro/,

1.0
0.9
0.8
0.7

0
02
0o
10

Wave-form in 5-cell cavity




How P=1 RF linac works?

Example of 5-cell cavity

A t=

e ——— >

DIV

A

A t:TO

— i —— >
t=5/4T,

| /\ /\

A
t=3/2T,

-—-@,AV—>
t=7/4T,

t=2T,

A

——e P>

{=9/4T,

MU

1

t=5/2T,

T

Electrons are out




Simple things to remember

« Acceleration 1n DC electrostatic 1s limited to the
difference in terminal potential (e.g. voltage
between the ground and the cathode)

e RF linear accelerators (RF linacs or simply
linacs) are not limited in beam energy

 In RF linacs, the coherent addition/subtraction of
the energy gain from cell to cell happens by
design: period of the electric field oscillation 1s
matched to the travel time of electron between
the cells.

« Accurate synchronization of RF linac is
important task for any linear accelerator




A bit of EM and conducting media

j =0E;

« Assuming oscillating field we can use Coulomb gauge for EM field

A= Re{ﬁ(?)exp(iwt)};qo =0,
1 0A

E=-——; B=curlA.
¢ ot
S| e@+iB) = 4rmio |, -
] R B = 1+ 222
O —> o

e X
X%zo Et=0 ﬁ
Hn= i: \\\
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Boundary conditions

We are considering oscillating EM fields in RF structures

RF structures are built from highly conducting material, both
to contain EM filed inside and to provide low losses

In first approximation we can consider an 1deal boundary
conditions and take finite conductivty as a perturbation later

Q-factor: Q,om temp ~107-10°, Qggrr ~10°-10"

Ideal Conductor Ideal Conductor
N
\\\\ 1
A=Re1 A(F)exp(iwt — at); \ En=0]
{ } Ht=0 ‘\"“\~\ _N

27w Et=0 I;

oo \

0 Q

//Jf/




Rectangular

Wavegmdes
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TE and TM waves

Rectangular o , , Circular
e There 1s simplification
— The modes are divided into
two types: TE (transverse
electric) and TM (transverse

magnetic)

Last two equations indicated that E,
and B, fully determine transverse
component of the EM field

It means that we can always consider a
linear combination of the fields with
E. = 0 everywhere (TE) and B, = 0
everywhere (TM)

« Naturally, when we interested in

At the surfaces accelerating particles, we will need
_ - oB TM mode with E, # 0.
nxkl =0;n-B=0—E| =0; =0
s s an )

. k - -
B =x—=|zXE for both TE and TM mod

T™ : B, =0; E| =0; s =%:[2xE,] for both TE and TM modes

TE - Ez =0; BZ =0 T™: E, =V,y (%), TE: B, =V.v,(7);
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Cut-off frequency

Rectangular  EM field is a linear combination of Circular
modes with E, = 0 everywhere (TE)
and B, = 0 everywhere (TM)

At the surfaces
ixE =0,ii-B=0—E| =0; 9B _p
a S S s
. koo - -
B = ik_Z[ZXEL_ for both TE and TM modes T™ : B =0; EZ|S =0;
T™: EL = vﬂ/ﬁ(’i); TE: BL =?Ly/2(a); TE-E.=0; B, s :Oé
- . N TM:I//| =0; TE:—W =0.
Viy + (ko —k; )l// =0 + boundary conditions ' on |,
72 2 .
Different boundary conditions for TE and TM modes VJ_W/I TY, V= 0;
In general case we need to find eigen function (modes) 1=12.73
Cut-off ki/l =k>—y;>0 Below cut-off O < O eyop
frequency ; _ ¥, = =y, evanescent wave: k =+iJo’,,  ~o’ =ik,
omin cut—off

Exp decay W=y e
T
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Cut-off frequency
Circular

Different boundary conditions iy
for TE and TM modes =

Rectangular

™y =0; 1E: Y =

on |,
a
2 2
(aa—+aa—)v/+7mw 0 li(
o Y ror

TE :w'" =y cosk xcosk x; m+n21;

™ w™ =y sink xsink x; m>1;n>1;

kmzﬂ:ﬂ;kaﬂ:g’ ’}/mnzkmz'l'knz- ¢mn :Jn(ymnr)
a
Lowes cut-off frequency
Rectangular Circular
c

s =0 _ e, 2.40483.. 240 ¢

TE:a>bim=1Ln=0; Ocur-opy a M :J, (7/01 ) 0—7y, = —R 5 Woyopp = R ;
me | & 1.84118.... _184c

7 1+?. TE:J1(711R):O_>7llzT;wcm —off = R

™:m=Ln=1 @, =



Modes in rectangular waveguide
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RF cavities

are designed to confine the EM field inside: It means that they operate at
frequency below cut-off of the beam-pipes attached to them

waveguide circulator waveguide
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RF Cavity Modes:

the lowest accelerating 1s TM,,;, mode

Fields in the cavity are solutions of the equation » 1 82 E
Subject to the boundary conditions nxE=0, n-H=0 V- co IlH =0

Two extra surfaces (z=0 and z=d): but this is no problem for TM mode

An infinite number of solutions (eigen modes) belong to two families of modes with different field

structure and eigen frequencies: TE modes have only transverse electric fields, TM modes have only
transverse magnetic fields.

One needs longitudinal electric field for acceleration, hence the lowest frequency TMy;o mode 1s used.
For the pillbox cavity w/o beam tubes
Note that frequency does not depend of the cavity length! But only its radius.

B
E, =E,J, (%ﬁm)em m

2.405rj o
— |
R

H, = —iEOJl(

2.405¢
@y0 = T, 1010 =2.61R




Pillbox Cavity

« Similarly to a previous exercise, we need to pick TM
mode to have non-zero £, component

 We also select TEMOI waveguide mode and k,=0

E./E

E -E. - J0(2.405£)Sin(wt); \ B, /L EM energy oscillates between
a ———electric field magnetic field:
B, = 1 E.-J, (2_405£)COS(M) 4 s \ Peaking at the same value:
¢ a total energy

via ,,m

0.0

-10}




EM Cavity

=
Il

EO(F)cos(a)t+(p(F))

B=B, (F)sin(wt +y (7))
[E2av=[B]av (- forsn)

2f;’€S

Each mode has full analogy with a resonant LC circuit or a mechanical oscillator: energy
stored 1n electric field can be compared to potential energy, and energy stored in magnetic
filed — to kinetic energy

Typical energy stored in 5 cell, 700 MHz SRF cavity operating at 20 MV/m is ~ 500 J

What much more impressive is the intra-cavity power of about 2,000 GW!

LI’ ? 1 2 2
L EK=—MQV ;Ep=—K; ;wo=,/%




Quality factor - definition

Let’s consider a stand-alone cavity without any external couplers

E’ H> .
Energy stored in the cavity |V = (5 —tu —jdV = ,UOJHOZ v

° 2 ’ 2
Losses in the power P = %

Quality factor - Q - it 1s the number of RF oscillation times 2w required for
energy inside the cavity to reduce e-fold.
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Fundamental and high order modes (HOMs)

digenmodes in a Pill-box cavity

magnetic field

electric field

TM0I10: monopole mode
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Accelerating voltage & transit time

' = Assuming charged particles moving along the cavity axis, one
can calculate accelerating voltage as

o0
) Ve =| [E-(p=0,2)/ " Fdz

—Q0

For the pillbox cavity one can integrate this analytically:

d ' Sin TIBC
V.=E, J’eza)oz/ﬂcdz = Eyd “ond = Egd-T
0 - v
2 fc

where T 1s the transit time factor.

= To get maximum acceleration:
ot

1j 2
Ttransit =loxit —lenter = 7 =d= 18/1/2 — Vc = ;EOd

Thus for the pillbox cavity T=2/s .
= The accelerating field E,.. is defined as E,.. = V. /d .
Unfortunately the cavity length is not easy to specify for shapes

other than pillbox so usually it is assumed to be d = $A/2 . This
works OK for multi-cell cavities, but poorly for single-cell ones.




Multicell cavities: coupled oscillators

= Several cells can be connected together to form a multicell cavity.

= Coupling of TMy;o modes of the individual cells via the iris (primarily electric field) causes them to
split:

0 - Mode Tt - Mode

-~ \ //’ P . \ /’//./
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How P=1 RF accelerator works?
In pictures
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How P=1 RF accelerator works?
In pictures
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Multi-cell cavities

We learned so far that single cell RF cavity has limited accelerating voltage

To gain more energy we can either use more individual cells or use multi-cell cavities

The first path, while feasible, is expensive (each cavity would need individual transmitter,
waveguide, controls, etc.) and less effective — the average accelerating gradient (energy gain per
meter of real estate) would be low

Thus, where the acceleration gradient is important, the accelerator community uses multi-cell
cavities




41

What we learned

Resonant modes in a cavity resonator belong to two families: TE and TM.
There is an infinite number of resonant modes.

The lowest frequency TM mode is usually used for acceleration.

All other modes (HOMs) are considered parasitic as they can harm the beam.

Several figures of merits are used to characterize accelerating cavities: main are
accelerating voltage, transit time and Q-factor.

In a multi-cell cavity every mode splits into a pass-band.
The number of modes in each pass-band is equal to the number of cavity cells.
The width of the pass-band is determined by the cell-to-cell coupling.

Accelerating cavities operate at frequency below the cut-off frequency of vacuum
pipes connected to them. The RF field decay exponentially along the pipes and
reduces to a negligible level at length ~ few beam-pipe radii (assuming R << Azr)

Coaxial lines and rectangular waveguides are commonly used in RF systems for
power delivery to cavities

Homework is posted on the website this evening: due in one week, October 3



