PHY 564
Advanced Accelerator Physics
Lectures 16

Vladimir N. Litvinenko
Yichao Jing
Gang Wang

Department of Physics & Astronomy, Stony Brook University
Collider-Accelerator Department, Brookhaven National Laboratory

PHY 564 Fall 2015 Lecture 14




Lecture 16. Parameterization of linearized particle’s motion. Action-angle variables.
Because the parameterization and the action-angle are very useful tools for solving
many standard accelerator problems, we will go through steps in a logical manner: from
simple to more complicated cases.
Let’s start from a simple 1D oscillator with Hamiltonian:
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in our standard matrix form. The equations of motion are:
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We know another form of these equations of motions:
x=Acos(@wt+¢); p,=-mw-A-sin(wt+@)

which is a consequence of
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which coincides with (4) using A = avm® . Naturally, we know that amplitude and phase

are constant of motion.
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Let’s make a Canonical transformation to {q =0, p= %} using
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Finally, the reduced Hamiltonian 1s
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General parameterization of motion of an arbitrary linear Hamiltonian system:
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Parameterization of motion: a periodic system with period C H(s+ C) = H(s)

T(s)=M(s|s+C), det[T—2,-1]=0 (I11)

Stable system |A|=1.4, =1/4,,, = Arwn =e™; y, =2nv,, {k=1,..n} (IV)




We proved that
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and finished with fact that this parameterization is equivalent to Canonical transformation
to action-angle variables.
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1D - ACCELERATOR
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Note: for not normalized Hamiltonian H = 5
P,
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T =1cosu+ Jsinu;

—ww’ w [ o B
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Stability if :—1<Trace(T)/2 <1
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1D - ACCELERATOR
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B=w’ = y=1/Bia=—F=-ww', y=

x=a-+/B(s) - cos(y(s) + )
= \/% -(0x(s) - cos((s) + @) + sin(w(s) + )
Complex amplitude and real amplitude and phase are easy to calculate. Expression for a’
is called Currant-Snyder invariant.
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Thus, the final form of the eigen vector can be rewritten as
J R (34)
The parameterization of the linear 1D motion is
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where a and @ are the constants of motion.
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Inverse ratios — matrices through parameterization: reverse of eq (VII), where U is
propagated by M.
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T=UAU"= éUASUTS Specific case of s;=s+C
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T=—UASU’S =
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M(sl‘sz) =
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with obvious simplification for one-turn matrix:

= (d+oa*)sin
21 122 —( ﬂ) a

from where one can get easily all functions and constants:
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2sinl

11 112 cosL+ orsin Bsinu
} cosU—osin i
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cosp+ Jsiny; J=

T:M(s\s+c)={ o

U= cos{%j with sign(sinp) = sign(t12); B=t12/siny; o=
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A little bit more complex is fully coupled 2D case.

Nl N2
N, N,

T(s)z{ } det[T-AI|=A* A Tr[T]+ A 2+a)- ATr[T]+1-=

a=Tr|N,|- Tr|N,|-Tr[N,N,|-2detN,
(notedet N, =det N, =1-detN, =1-detN,)

Finding roots:
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Conditions: there are
Yk*TSYk =21 Y1*TSY2 =0; Y1TSY2 =0; 6, =y, -y,

l-¢g l-¢g
a w, v, = Wy V,, = l-q =v, =——; Vy, = ——

1x

_ _ _ 49 . _ 49
b) wlyvly_w2xv2x_q :>v2x_ > Wi, =

W2x wl
c) c=w,w, sinf =-w, w, sinb,
d) d= Wlx(uly sin@, —v,, cos 91) = —w2x(u2y sin@, —v, cos 92)

e) e=w, (u,sin6 +v, cos6)=-w, (u, sind,+v, cosb,)
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Conditions are result of symplecticity. Conditions a) and b) are equivalent to Poincaré’s
invariants conserving sum of projections on (x-px) and (y-py) planes.
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One should note for completeness that there is another way of parameterization of
coupled motion proposed by Edward and Teng parameterization (D.A.Edwards,

L.C.Teng, IEEE Trans. Nucl. Sci. N§-20 (1973) 885), which differs from what we are
discussing here.




