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Lecture 14.  Applications of parameterization to standard accelerator problems 

Complete parameterization developed in previous lecture can be used to solve most (if 

not all) of standard problems in accelerator. Incomplete list is given below: 

1. Dispersion 

2. Orbit distortions 

3. AC dipole (periodic excitation) 

4. Tune change with quadrupole (magnets) changes 

5. Chromaticity  

6. Beta-beat 

7. Weak coupling 

8. Synchro-betatron coupling 

9. Beyond Hamiltonian system - weak (slow) damping  

10. ….and diffusion 

11.      …… 

We do not plan to go through all these examples while focusing on general methodology 

and use selected examples to demonstrate power of the symplectic linear 

parameterization. We will use complex form of parameterization since it gives more 

transparent frequency content of the oscillations, but one can do similar exercise using 
real notations – after all results in real life are in real notations.  
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1D ACCELERATOR 
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Multiplying by  or  from the left yields: 

 

with solutions in form of integrals: 
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In general case of change in Hamiltonian of linear motion 

 (14-20) 

 (14-22) 

with  since 

 

Finally, the tune change is just an integral: 

   (14-23) 
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Just to drive it home: 1D case 

 (14-24)  

It worth comparing with a traditional way of doing this: introducing a weak thin lens 
(lumped focusing): 
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Sample V: Going beyond Hamiltonian system – taking dissipation into account  

Let’s consider that an additional linear term is no longer a Hamiltonian 

  (14-25) 

e.g. the overall motion is no longer symplectic 

  (14-26) 

Such contributions can come form natural dissipative (or anti-dissipative) processes such as 

radiation reaction (synchrotron radiation damping), ionization cooling or from special accelerator 

systems, such as electron or stochastic cooling. Here we are not specifying what is the source of 

the non-Hamiltonian force and only assume that it is linear. 

Similarly to regular parameterization, we can assume that motion can be expanded as a set of 

eigen modes  
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Staying away from the parametric (second order) and 4th order resonances  we can first 

average (15.16) noting that oscillating term yelled zero in this approximation 

     (15-16) 

e.g. while amplitude of oscillations remain constant, phase advance per turn (e.g. oscillation 

frequency) start depends on the square of amplitude of oscillations 
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4Q ¹ ±k

¢I = 0® I = const; ¢j =
3

4
I o s( )w4 s( ) º

3

4
I o s( )b 2 s( ) ;

j = jo +
¶m

¶I
I

s

C
ºjo +

¶m

¶I

a2

2
;
¶m

¶I
=

3

4
o s( )b 3 s( )ds

C

ò ;

Q = Qo +
1

2p

¶m

¶I

a2

2
.

 

I = I + I ; j = j +j;

I s( ) = I 2 o x( )w4 x( ) sin 2y x( ) + 2j( ) +
sin 4y x( ) + 4j( )

2

æ

è
ç

ö

ø
÷

s

ò dx;

j = I o x( )w4 x( ) cos 2y x( ) + 2j( ) +
cos 4y x( ) + 4j( )

4

æ

è
ç

ö

ø
÷

s

ò dx;



37

It is not all… But already, not too shabby for a 

single parameterization 

Next step – solving nonlinear problems and 

finding solutions for particle distributions



What we learned today
• Using parameterization and – to a less degree action-angle variables – we wrote 

solutions for most common accelerator problems in most general form

• We avoided necessity to write a specific set of equations, finding way of solving 

it and than, finally, expressing it though lattice parameters

• We also confirmed that slow synchrotron oscillations indeed barely (e.g. in 

second order) change frequencies of betatron oscillations

• We did not go beyond linearized motion – this is the topic for next class

• But we went beyond traditional Hamiltonian system and also found damping 

decrements for each oscillation mode caused by weak dissipative force, including 

so called “sum of decrements” theorem

• We also calculated diffusion coefficients for each eigen mode (oscillator) caused 

by random kicks 
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