Synchrotron Motion
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Longitudinal motion is hidden in the Hamiltonian:
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The phase space coordinates are (x,s,z) with independent coordinate ¢.
In one revolution, the time advances T, called the orbital period. In
one orbital period, the particle orbit is equal to the circumference C.

All accelerator components repeat in each Particle Fosition
orbital period. It would be nice to use s as the
independent coordinate. How to make this s
coordinate transfer?
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These equations indicate that —p, becomes the new Hamiltonian
with the (x,p,,z,p,,t,-H) and s as the independent coordinate.
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The longitudinal electric field at an rf gap

E =& Sill('(f)rf(_f) + Qs ) O = hwot

where w,=B,c/R, 1s the angular revolution frequency of a reference (synchronous)
particle, g, is the amplitude of the electric field, ,c and R, are respectively the
speed and the average radius of the reference orbiting particle, £ is the harmonic
number, and ¢, 1s the phase angle for a synchronous particle.

We assume that the reference particle passes through the cavity gap in time
tenT,+(—g/2Bc, g/2Bc) (n = integer), where g is the rf cavity gap width. The
energy gain for the reference particle per passage is
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The effective voltage seen by the orbiting particle 1s
V=¢g,gT. The acceleration rate for a synchronous

particle is Wo

Ey = Tr\-' SN Q.
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We consider a non-synchronous particle with small deviations of rf parameters
from the synchronous particle, 1.e.

W = Wy -+ A.b (j — (:)5 T .AC) H — H., -+ AU
{p =po+Ap., E =Ey+ AFE.

Here ¢, 0 ,, ®y, py, E, are respectively the rf phase angle, azimuthal orbital angle,
angular revolution frequency, momentum, and energy of a synchronous particle, and
d, 0, o, p, E are the corresponding parameters for an off-momentum particle. The
phase coordinate is related to the orbital angle by A¢=¢p—¢, = —hAB, or
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The energy gain per revolution for this non-synchronous particle is €V sin ¢, where
¢ 1s the rf phase angle. Thus the acceleration rate of a non-synchronous particle is
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The equation of motion for the energy difference is ((W (—) =5—€ V (sin ¢ — sin o)
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The time evolution of the phase angle variable ¢ 1s
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Let p=mcpy=p,+p be the momentum of a non-synchronous particle.
The fractional off-momentum coordinate o 1s 5 Ap By
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Expressing B and y in terms of the off-momentum coordinate o, we
obtain ~
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where (¢,E/®,) or equivalently (¢,0) are conjugate phase-space
coordinates.
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For the moment, we neglect all nonlinear effects in the phase slip

factor. The equation of motion is given by
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The Synchrotron Hamiltonian
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The stability condition for synchrotron 1 ; ; ; 200
oscillation 1s n, cos @, < 0, discovered by - Lies
McMillan and Veksler. Below the 2 R
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The angular synchrotron frequency i1s ws = wy \ "2-3E &\ o

where c 1s the speed of light and R is the average radius of the synchrotron. The
synchrotron tune, defined as the number of synchrotron oscillations per
revolution, is
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Typically the synchrotron tune is of the order of < 1073 for proton synchrotrons
and 107! for electron storage rings.

P-synchrotron | AGS RHIC FNAL-MI | FNAL-BST | SSC Cooler
K.E. [Ge\",-"u] 0.2 28 8 0.2 2000 0.045
Vie [MV] 0.3 0.3 2 0.95 10 0.0001
h 12 342 D88 84 17424 | 1

Yo 8.5 24.5 21.8 5.446 140 4.6

C [m] 807.12 | 3833.84 | 3319.4 474.2 87120 | 86.8

Vs 3.23E-02| 5.89E-04 1.37E-02 1.50E-01 |8.39E-04| 3.95E-04

At 0.4 GeV 1njection, the synchrotron tune becomes 0.0924 for FNAL-Booster
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Synchrotron bucket area, separatrix
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Left: schematic drawing of the rf potentials for ¢,=0 and n/6. The dashed line shows
the maximum “‘energy” for stable synchrotron motion. Middle: the corresponding
separatrix orbits in (nh|n|/eVB?E)!?E,, vs ¢. The phase ¢, is the turning point of the
separatrix orbit. Right: an example of stable rf buckets, called fish diagram, with

O =m/6.
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In Hamiltonian formalism, the rf electric field 1s considered to be uniformly

distributed in an accelerator. In reality, rf cavities are localized in a short section of

a synchrotron, and therefore synchrotron motion is more realistically described by

the symplectic mapping equation { eV
L

(sIn @p — S1n s ).

"n 1:’5n+ ';L
Pn+1 — @On + 27 ]’/l:‘§71+1:)‘§rz+1-

The physics of the mapping equation can be visualized as follows. First, the
particle gains or loses energy at its nth passage through the rf cavity, then the rf
phase ¢,,; depends on the new off-momentum coordinate o,;. It 1s no surprise that
satisfies the symplectic condition: o ..
: N On+1, Pn+1)
Jacobilan = , = 1.
d(d,,. o)

The mapping from (¢, 9,) to (¢4, 0,41) Preserves phase—space area. The phase-
space area enclosed by a trajectory (¢, 6) obtained from the above mapping equation
is independent of energy. It can not be used in tracking simulations of beam
acceleration. During beam acceleration, the phase-space area in (¢p,E/m,) 1s
invariant. The phase-space mapping equation for phase-space coordinates (¢,E/®,)
should be used. The adiabatic damping of phase-space area can be obtained by
transforming phase-space coordinates (¢,E/®,) to (9, d).
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When the acceleration rate is high, tor1 of the synchrotron mapping equations are
not closed curves. The mapping equations for synchrotron phase-space coordinates
(p,AE). Figure below shows two tori in phase-space coordinates (¢, E/B?E) with
parameters V=100 kV, h=1, a,=0.04340, ¢s = 30° at 45 MeV proton kinetic energy.
Note that the actual attainable rf voltage V 1s about 200-1000 V 1n a low energy
proton synchrotron. Since the separatrix is not a closed curve, the phase-space tori
change from a fish-like to a golf-club-like shape. This is equivalent to the adiabatic
damping of phase-space area. Since the acceleration rate for proton (1on) beams is
normally low, the separatrix torus is a good approximation. When the acceleration
rate 1s high, e.g. in many electron accelerators, the tori near the separatrix may
resemble that of picture below.

AFE,.1 = AFE, + eV (sin o, — sin @),

2mrhny 0.08
5 AF1,

Two tori in phase-space coordinates

(¢, E/B?E) obtained from mapping )
equations with parameters V=100 & [
kV,h =1, 2,=0.04340, and ps =30° = __ [
at 45MeV proton kinetic energy.
ITUCF Cooler Ring has typical rf ooglo—o o Lo b L 1
voltage at about 1-2 kV. ¢
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During beam acceleration, the synchrotron Hamiltonian depends on
time. However, if the acceleration rate 1s low, the Hamiltonian can
be considered as quasistatic. This corresponds to adiabatic
synchrotron motion, where parameters in the synchrotron
Hamiltonian change slowly so that the particle orbit 1s a torus of
constant Hamiltonian value. The condition for adiabatic
synchrotron motion 1s 1 duw. | |dT.]

Nod = |— << ]
‘ |w‘_-) dt 2w | dit

S l

where oy 1s the angular synchrotron frequency and a4 1s called the
adiabaticity coefficient. Typically, when a,4 < 0.05, the time
variation of synchrotron period is small and the trajectories of
particle motion can be approximately described by tor1 of constant
Hamiltonian values.



Fixed points of a Hamiltonian are located at phase space points

with zero velocity field:
- g
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The fixed points of the synchrotron Hamiltonian are at phase space
points: (¢,,0) and (7-¢¢,0). Small amplitude motion around the stable
fixed point (¢¢,0) 1s elliptical with synchrotron tune Q.. Motion near
the UFP is hyperbolical.



The Hamiltonian torus that passes through the unstable fixed point
1s called the separatrix.

H(¢,0)=H_ =H(r—¢,0)= 2%322 [—2cos¢, + (7 —2¢,)sing,]
5 eV,

o_ + BENT [cos@+cosg, — (T —¢—¢,)sing, ]
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0

The separatrix has two turning points, ¢, and @ — ¢, where @, 1s

COSQy + Oy SIN Qs = — COS Qg + (T — @g) SIN Qs.
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The phase space area enclosed by
the separatrix is called the bucket,
where particle motion around the

stable fixed point 1s elliptical. The
motion around the unstable fixed

point 1s hyperbolical.
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The bucket length 1s |(t — ¢@,) — @]




The phase-space area enclosed by the separatrix orbit 1s called the
bucket area.
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Here oy, 1s the moving bucket factor.
The maximum momentum
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deviation of the separatrix orbit 09
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SIN Qg

W_és

Y(¢s)

Q’b(¢s)

1—s81m o,

- ! 1+4-sin @,
0.00 | —180.00 | 180.00 | 1.0000 | 1.0000 | 1.0000
0.05 | —136.47 | 177.13 | 0.9606 | 0.8888 | 0.9048
0.10 | —118.90 | 174.26 | 0.9208 | 0.8041 | 0.8182
0.15 | —105.32 | 171.37 | 0.8807 | 0.7294 | 0.7391
0.20 —93.71 | 168.46 | 0.8402 | 0.6611 | 0.6667
0.25 —83.26 | 165.52 | 0.7992 | 0.5980 | 0.6000
0.30 —73.59 1 162.54 | 0.7577 | 0.5388 | 0.5385
0.35 —64.45 | 159.51 | 0.7156 | 0.4832 | 0.4815
0.40 —55.66 | 156.42 | 0.6729 | 0.4305 | 0.4286
0.45 —47.11 1 153.26 | 0.6295 | 0.3806 | 0.3793
0.50 —38.69 | 150.00 | 0.5852 | 0.3333 | 0.3333
0.55 —30.31 | 146.63 | 0.5399 | 0.2885 | 0.2903
0.60 —21.88 | 143.13 | 0.4936 | 0.2460 | 0.2500
0.65 —13.31 | 139.46 | 0.4459 | 0.2058 | 0.2121
0.70 —4.48 | 135.57 | 0.3967 | 0.1679 | 0.1765
0.75 4.75 | 131.41 | 0.3455 | 0.1323 | 0.1429
0.80 14.59 | 126.87 | 0.2919 | 0.0991 | 0.1111
0.85 25.38 | 121.79 | 0.2349 | 0.0685 | 0.0811
0.90 37.77 | 115.84 | 0.1731 | 0.0408 | 0.0526
0.95 53.42 | 108.19 | 0.1028 | 0.0170 | 0.0256
1.00 90.00 { 90.00 | 0. 0. 0.
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The bucket area in phase space (¢,AE/wy) is Ay = PE Ay = hAIAE

()

The phase space area measures the time-width, and energy-spread of
the bunch distribution. Thus the dimension of the phase space area

1s eV-sec. For example, a beam bunch with 100 ns bunch length and
1 MeV energy spread have a bunch area of 0.1 eV-sec. A beam with
1 MeV energy spread with 1 GeV energy has a fractional energy

spread of 1073,

() (¢,9) (6, %29)
—— 4 T PR V. o
Bucket Area | 16 ( zif;l}”l) ap(¢s) | 16 (2_)‘—2,””) ap(ds) | 16 oy (s)
. 22 oV 1/2_ ‘ o 1/2 PR
Bucket Height | 2 (Z590) " Y () | 2(gmmm)  Y(6) | 2Y()
2
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