
Properties of the pillbox cavity

From last class, the solution to the z component of the electric field (and 
also magnetic field) in cylindrical coordinates can be expressed as 

























TM mode in cylindrical cavity























































































































































































Properties of the fundamental mode

In a fundamental mode, n=0.




































Figures of merit for a cavity

There are three important figures of merit for an accelerator that we will 
explore here:


Transit time factor, which is a measure of efficiency of the accelerating 1.
particles in a time varying field as compared with a stationary field

Quality factor, which is a measure of efficiency of the cavity in storing 2.
energy or the fractional energy loss as compared with energy

Shunt impedance, which is a measure of energy gained by the 3.
particles per energy lost due to ohmic loss. 






Transit Time Factor (TTF) and the length of the cavity

Define a time factor T (called the transit time factor,TTF) as the ratio of 
energy given to a particle that passes the cavity center (peak of the Bessel 
function) to the energy that would be received if the field were constant 
with time at its peak value. This figure of merit characterizes the efficiency 
of accelerating an electron beam in a time varying field as compared to a 
field of constant amplitude. For cavity length L, this ratio is 














When we start talking about longitudinal dynamics of the accelerator, we 
will ignore the transit time across a cavity, and consider the energy gain 



across the cavity to be given by



Where t will indicate the time the particle reaches the accelerating section 
and the TTF is folded into the amplitude V. 




Figure of merit: Quality factor

The quality factor, Q, is a measure of the efficiency with which a resonator 
stores energy. For superconducting cavity, it is especially important 
because the dissipated power is exhausted into the liquid helium!



Q is defined as the ratio of the stored energy to the energy lost in one 
radian of (time) oscillation. In other words, it's a measure of how fast you 
need to replenish the energy inside the resonator. 



How to calculate the energy inside the cavity?

When the electric field is maximum, the magnetic field is zero (because of 
the Ampere equation.) So we can calculate the stored energy from electric 
field alone. 








































So, we were looking at Q calculation, which was stored energy divided by 
the loss in one radian divided. So what is the source of loss? It is ohmic 
resistance at the walls of the cavity. 



 




































































































For copper, in the 400 MHz region, this expression gives Q of the order of 
1e4 for the geometry that we are using.

For reference, a typical super conducting cavity has a Q~5e9 

For a refresher on the relation between Q, the bandwidth, and the damping 
of a harmonic oscillator, see the Appendix 1 on the course website. 



Figure of merit: shunt impedance

Shunt impedance is a measure of how much energy is given to the 
accelerating particle compared to the energy lost through the surface 
current on the surface of the resonator. It is given by
























































The term shunt impedance comes from lumped circuit model, where a 
resonant circuit with a capacitor and an inductor are used to model the 
conversion of electric and magnetic field to each other, and the shunt 
impedance is used to model energy loss.  



















When the generator is turned ohm the voltage in the circuit builds up to an 
asymptotic limit (how fast it builds up depends on Q). At this limit, the 
energy supplied to the circuit equals the dissipation in the resistor. 






























































































































































































The pillbox is easy to analyze and could in fact be used in the cases where 
variable frequency is not necessary. However, 
because of the cost of RF power, a lot of work has 
gone into optimizing the shape:


Nose: energy gain could be increased by the nose
•
The losses occur predominantly on the cylindrical •
surfaces and so higher Q can be achieved by 
spreading the current out on a sphere like surface 










Accelerating Structures

Multiple accelerating cavities are required in an actual accelerator. We 
want to power multiple oscillators with a single source to save RF power. 
This means that the frequency "degeneracy" is split, and there will be five 
fundamental frequencies different in phase relationship of the fields from 
cell to cell. We will explore this topic later as part of the discussion on 
coupled oscillators 











An electron linac is a different matter because an electron with an energy 
of 3MeV is already traveling at 99% speed of light. In this case, you can 
think of a modified uniform waveguide for accelerating structure. The 
modification involves the insertion of irises to slow down the phase 
velocity, which for a hollow cylinder is greater than c. The radar S-band 
near 3 GHz was the choice for SLAC.


