
Transverse (Betatron) Motion 
 Linear betatron motion   
 Dispersion function of off momentum particle 
 Simple Lattice design considerations 

      Nonlinearities 



Frenet-‐Serret	  coordinate	  system:	  

h"p://en.wikipedia.org/wiki/Frenet-‐Serret	  
x	  ˄	  

s	  
˄	  

y	  ˄	  



How	  to	  transform	  from	  the	  original	  coordinate	  system	  into	  the	  Frenet-‐Serret	  coordinate	  
system?	  	  

Lorentz	  force:	  
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Constant	  when	  
By	  ~	  x0	  or	  x1	   
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Natural	  focusing	  
from	  dipoles 

Focusing	  from	  
quadrupoles 

Higher	  order	  
magnet,	  usually	  field	  
errors	  



LEP	  dipole	  

ISR	  
quadrupole	  

LEP	  Sextupole	  
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For	  hs=1	  or	  ρ=∞,	  one	  obtains	  the	  mulQpole	  expansion:	  

For	  two	  dimensional	  magneQc	  field,	  one	  can	  expand	  the	  magneQc	  field	  using	  Beth	  
representa6on.	  
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Dipole	  	  

quadrupole	  

θ=ℓ/ρ=Bℓ/Bρ	  
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 11
= f>0,	  if	  focusing,	  f<0	  if	  defocusing	  

We	  will	  learn	  how	  to	  opQmize	  the	  arrangement	  of	  beam	  control	  elements	  in	  achieving	  
the	  wanted	  beam	  properQes.	  
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How to solve the Hill’s equation? 

0)(   ,0)( =+ʹ′ʹ′=+ʹ′ʹ′ ysKyxsKx yx

Ideal Linear accelerator: 

Let X represent x or y: 

 ,0)( =+ʹ′ʹ′ XsKX

Det(M(s2,s1))=1 

M(s,s0)	  is	  the	  betatron	  transfer	  matrix.	  For	  any	  two	  linearly	  independent	  soluQons	  
y1,	  y2	  of	  Hill’s	  equaQon,	  the	  Wronskian	  is	  independent	  of	  Qme	  
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