Homework 12
Problem 1. 10 points, 2D distribution function and RMS beam sizes

For the case of fully coupled transverse oscillations with eigen vectors
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and known values of eigen emittances €, =1, = - of stationary Gaussian distribution

(solution of Fokker-Plank equation)

(a) 6 points; Write explicit expression for the distribution function in terms of x, Px, y
and Py.
(b) 4 points; Write expression of the RMS beam sizes
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using beam emittances and necessary components of eigen vectors.

Solution: (a) The normalized distribution function in phase-action variable is
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Now we need to find explicit expression for ;2 using
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were c.c. stand for complex conjugate components:
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with 4D distribution function:
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One can try to introduce o and 3 components similar to 1D motion
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but it does not make expressions better, especially for fiy.

Another way of writing it is to use real and imaginary parts of the eigen vectors
Y =R +i0,;
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(b) This is much easier task:

X=aw, cosQ, +a,w, CoSQ, ;
y=aw coso, + a,w, cosQ, ;
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Since phases of oscillation are random are not correlated between to modes, we have
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Problem 2. 10 points, 3D distribution function and RMS beam sizes

(a) 5 points: For the case of fully coupled transverse oscillations with eigen vectors
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distribution, write expression of the RMS beam sizes
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using the beam emittances and necessary components of eigen vectors.

;k=1,2,3 of stationary Gaussian

and known values of eigen emittances €, =/, =

(b) 5 points: For the case of slow synchrotron oscillations and approximate
expressions for the eigen vectors:
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relative energy spread o = <5 2> write expressions for transverse beam sizes:

and known values of eigen emittances &, =/, = :k=1,2 and RMS values of the

Solution:

(a) Treatment is identical to the RMS beam sizes in the previous problem:
X=aw,_cosQ,_+aw, cosQ, +aw, cosQ, ;
Y =aw,, cosQ, +a,w, cosQ, +a,w, cosQ,

T=a,w, cosQ,_+a,w, CosQ, +a,w, cosQ, ;
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(b) In this specific case we have
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Problem 3. (1) Let’s prove that
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(where we use the fact that one can extract constants from the averaging brackets) which
in matrix form is equivalent to
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The rest is easy since det M =1:
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Thus, for 1D case it one can use this relation to design matched lattice for a given X matrix
of the beam — for example at injection point into a storage ring. This matching minimizes
RMS amplitudes of particles oscillation in the storage ring.



