
Homework 12 
Problem 1. 10 points, 2D distribution function and RMS beam sizes 

For the case of fully coupled transverse oscillations with eigen vectors  

 

and known values of eigen emittances  of stationary Gaussian distribution 

(solution of Fokker-Plank equation)  
(a) 6 points; Write explicit expression for the distribution function in terms of x, Px, y 

and Py.  
(b) 4 points; Write expression of the RMS beam sizes 

 

using beam emittances and necessary components of eigen vectors. 
Solution: (a) The normalized distribution function in phase-action variable is 

 

Now we need to find explicit expression for I1,2 using  

 

were c.c. stand for complex conjugate components: 
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with exlicit expression being (as expected) long and ugly: 

 

with 4D distribution function: 

 

One can try to introduce α and β components similar to 1D motion 

X = Re a1Y1e
iψ1 + a2Y2e

iψ 2( ) = 12 a1Y1e
iψ1 + a2Y2e

iψ 2 + c.c.( );Yj*T SYk = 2iδ jk ;Yj
*T SY *k = 0;

Yk
*T SX = 1

2
akYk

*T SYk ; Yk
*T SYk = 2i→ ai = −iYi

*T SX ; Ik =
ak

2

2
=
Yk
*T SX

2

2
≡
X TSYk

2

2
;

X TS = x,Px , y,Py⎡⎣ ⎤⎦

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= −Px ,x,−Py , y⎡⎣ ⎤⎦;

vkx =
qkx
wkx
;vky =

qkx
w1y
;q1x = q2 y = q; q2x = q1y = 1− q;

X TSYk = e
iϕkx x ukx + ivkx( )− wkxPx( ) + eiϕky y u1y + iv1y( )− w1yPy( );

X TSYk
2
= fkx + fky + fkxy

fkx = x ukx + ivkx( )− wkxPx
2
; fky= y uky + ivky( )− wkyPy

2

fkxy = 2Ree
i ϕkx−ϕky( ) x ukx + ivkx( )− wkxPx( ) y u1y − iv1y( )− w1yPy( )

fkx = x ukx + ivkx( )− wkxPx
2
= x2vkx

2 + ukxx − wkxPx( )2 = x2 vkx2 + ukx2( )− 2ukxwkxxPx + wkx2Px2
fky = y uky + ivky( )− wkyPy

2
= y2vky

2 + ukyx − wkyPy( )2 = y2 vky2 + uky2( )− 2ukywky yPy + wky2Py2
fkxy = 2Ree

i ϕkx−ϕky( ) A+ iB( )
A = xukx − wkxPx( ) yu1y − w1yPy( )+ xyvkxv1y{ }
B = xvkx yu1y − w1yPy( )− yv1y xukx − wkxPx( ){ }

fkxy = 2cos ϕkx −ϕky( ) xukx − wkxPx( ) yu1y − w1yPy( )+ xyvkxv1y{ }
−2sin ϕkx −ϕky( ) xvkx yu1y − w1yPy( )− yv1y xukx − wkxPx( ){ }

f X( ) = 1

2π( )2 ε1ε2
e
−
f1x+ f1 y+ f1xy

2ε1 e
−
f2 x+ f2 y+ f2 xy

2ε2 ;

f X( )∫∫∫ dx dPx dy dPy∫ = dX 4∫ = 1.



 

but it does not make expressions better, especially for fxy.  
Another way of writing it is to use real and imaginary parts of the eigen vectors 

 

(b) This is much easier task:  

 

Since phases of oscillation are random are not correlated between to modes, we have  
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Problem 2. 10 points, 3D distribution function and RMS beam sizes 
(a) 5 points: For the case of fully coupled transverse oscillations with eigen vectors  

 

 

and known values of eigen emittances  of stationary Gaussian 

distribution, write expression of the RMS beam sizes 

 

using the beam emittances and necessary components of eigen vectors. 
(b) 5 points: For the case of slow synchrotron oscillations and approximate 

expressions for the eigen vectors: 
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and known values of eigen emittances  and RMS values of the 

relative energy spread  write expressions for transverse beam sizes: 

 

Solution:  
(a) Treatment is identical to the RMS beam sizes in the previous problem: 

 

(b) In this specific case we have  
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Problem 3. (1) Let’s prove that  

 by observing that  

 

(where we use the fact that one can extract constants from the averaging brackets) which 
in matrix form is equivalent to  

 
The rest is easy since =1: 

 
Shorter proof:   # 
 
(2) Let’s remember that   

     

and calculate averages using randomness of particles’ phases 

 

Thus, for 1D case it one can use this relation to design matched lattice for a given  matrix 
of the beam – for example at injection point into a storage ring. This matching minimizes 
RMS amplitudes of particles oscillation in the storage ring. 
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