


























































Proof

Time Dilation

Assume there is a stationary clock at location x (let's set x=0) for simplicity. 
In the primed reference frame moving with velocity v, the clock appears to 
be moving.  






















































Length contraction

Consider an object with proper length of L measured in its rest frame. We 
want to know what its length is in the primed frame moving at velocity V. 

 


















































Measurement of length involves simultaneous measurements of the two 
ends of an object (e.g. Using a camera). Let object of length L be in the 
stationery frame 

























  












































Ladder Paradox

A ladder of length L is moving with velocity v towards a barn with same 
length. 























So who is right?

The question here is related to the issue of simultaneity. For the barn, the 
ladder would fit if the front and back of the ladder are inside 
simultaneously. To show that, let's say someone closes the barn doors 
simultaneously when the back of the ladder crosses the barn at the same 
time. The question is whether front door will hit the ladder? Let's 
investigate this problem in the frame of the barn:






































The front of the ladder is moving at velocity v, so if we want to know where 
the front of ladder was at an earlier time, we have to subtract the distance 
covered in that time:

















Where did things go wrong?

It is interesting to reflect on the logic of the setup and ask why the answer 
given by the Lorentz contraction in the reference of the ladder is not 
correct. The answer is that both Lorentz contractions are correct, that is to 
say if you measure the length of the objects (meaning the location of the 
two ends at the same time) you will get the Lorentz contracted answer in 
either frames. However, in relativity, one must think in terms of events. The 
event of shutting the barn doors in simultaneous in one frame only (the 
barn frame). If we want to look in the frame of the ladder, first we have to 
translate the two events of "back and front door shutting at the same time" 
to their proper time and then ask where the ladder ends are at those time. 
If we do so, we will see that the front of the ladder will not get caught by 
the door as the first postulate of relativity indicates. 



The moral of the story is that when two events are separated in space (in 
this case, the events are front of the ladder and the back of the ladder 
passing a certain location), it is very difficult to use our intuition to apply 
the time dilation and length contraction.  This is because in our intuition, 
people in a moving frame (like a plane) are on the same clock as us. This 
breaks down in relativity. People in a reference frame are on the same 
clock with each other, but not with people in a separate frame, and space 
is a component of that time (see cartoon below). So unless a question is 
clearly about measuring time of a stationary event or transforming the 
length of an object, one is much better off using straight up Lorentz 
transform equations rather than the contraction/dilation formulas. At least 
Lorentz transformation forces one to really consider what the events under 
consideration are and how to express them clearly. 






















See the Wikipedia page below for how the ladder paradox looks from 
different perspectives:

https://en.m.wikipedia.org/wiki/Ladder_paradox


