Hamiltonian Mechanics
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General coordinates and configuration space

* Generalized Coordinates: any n quantities (q,,q,,...,q, )Wwhich completely define the
position of a system with n degrees of freedom are called generalized coordinates of
the system.
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* The space defined by the generalized coordinates is called the configuration
space of the physical system.



Hamilton’s Principle (Least Action Principle)

 Since the position of a mechanical system is fully determined
by the generalized coordinates, its evolution/motion can be
described by a path in the configuration space.

* The Hamilton’s principle describes the path that the
mechanical system takes to move from point A to point B:

Every mechanical system is characterized by a definite
function, L(ql,qz,...ql,qz...,t), and the system moves in such a
way that the integral
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has a stationary value, i.e. §S=0 for any infinitesimal deviation

from the actual path.
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Lagrange’s equation

* From the Hamilton principal, we can derive explicitly the equation of motion in terms of
second order differential equation, i.e. the Lagrange’s equation.
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Explicitly, this represents a set of n second-order equations
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Some examples of Lagrange’s equation

* Free space: L(x, y,Z,)'(,y,Z,t)zém()'(z+y2+22)
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* A particle in a potential U (X, y,z) L(xy,zX, y,z,t):%m(x2+y2+zz)—u (%, Y,2)
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Energy of a mechanical system

e Although G (t) and G (t) change with time, the combinations of them can
be unchanged with time and these combinations are called integrals of
the motion (or conserved guantities).

* One of such conserved quantities is the energy of the system.
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Momentum of the Mechanical System

* A second conservation quantity follows from the homogeneity of space:
the mechanical properties of a closed system are unchanged by any
parallel displacement of the entire system in space.

* For simplicity, let’s consider a system consisting of N particles 2@=1.-N istheindex

oL oL for different particle.
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Hamiltonian system

* The Lagrangian and Lagrange’s equation completely describe the system by
specifying the generalized coordinates and its derivatives, i.e. velocities.
However, it is not the only way to describe the system.

* There are advantages to describe the system in terms of generalized
coordinates and generalized momentum (in stead of velocities).
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* The passage from one set of independent variables to another is called in

mathematics Legendre’s transformation.



Hamilton’s equations

* For a system with n degrees of freedom, the Hamilton’s equations
are a set of 2n first-order differential equations for the 2n
unknown functions, P(t) and q(t). (while Lagrange’s equations are

dL = Z oL do, +Za—L dg +8_L dt n second order differential equations).
dJq 41 — Jq 4.t ot 6.6 e Hamilton’s equation treat variable P and q in a more symmetric
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Deriving the Hamilton’s equations from the Hamilton’s principle
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Some examples of Hamilton’s equation
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What is canonical transformation?

* Since the choice of the generalized coordinates is arbitrary, the form of the
Lagrange’s equations and the Hamilton’s equations do not change when we transfer
from one set of generalized coordinates to another set.
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* For Hamiltonian system, we would like to extend the transformation such that

v'1. both the generalized coordinates and generalized momentum are included into the
transformation and

v'2. preserves the form of the Hamilton’s equations when new variables (momentum and
coordinates) are used (transformation preserving the form of the Hamilton’s equations are
called canonical transformation ~
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How to find canonical transformation?

* The Hamilton’s equation can be derived from the stationary action principle:
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with F(p,q,P,Q,t) being some arbitrary functlon of generalized coordinates,
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Find canonical transformation using generating function

It turns out that F can be used to find some of the canonical transformation,
and it is called the generating function.
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More types of generating function
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