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These lectures will be dedicated for explicit derivations of all necessary exponents for matrix Ds.
Sylvester formulae for normal and degenerated cases:

For case with distinct eigne values
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where m 1s the number of distinct eigen values and /; is maximum size of the Jordan blocks
related to eigen value A; and
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1D case — decouple motions. Let’s start from simple case of n=2 — a one dimensional (or a 2D
phase space component of decoupled multidimensional motion):
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with /4;, usually (i.e. xp term) is usually zero and 42,=1 or h2,=1/p,. But independently of the
coefficients, trace of D is zero and

+ -
_/112 A 1122

—h —h =i

—3-1) = =32 . - 2 =n- =./ - = - .
det(D = I)—det[ }—A +h, hy,=h, 2 =0; & =+ —detD = £\] —detH;

with three distinct cases:

1. detH>0; A 12 =%i'y/detH; )L] ¢AZ: stable (oscillations), simple Sylvester formula
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3. detH=0; '11 ,= 0; /11 =12: indifferent, equal eigen vectors, general Sylvester formula

with m=1, [;<2:
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With f[D]=exp(D-s) we have
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In case of 1D accelerator Hamiltonians with do not xp term and 4;2=h2;=0. Furthermore, 42>
term is never equal zero, hence
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It was worse noting that for 1D case, there is no difference between under and over-scored
conventions:
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It was worse noting that for 1D case, there is no difference between under and over-scored
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When equations of motion in N-deletional system are decoupled, i.e. the Hamiltonian of the
system is a simple sum of the Hamiltonian for each degree of freedom:

conventions:
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Then matrix for the system in under-scored convection
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is direct diagonal sum of the individual 2x2 matrices for each degree of freedom:

pxp(aoHlms') 0 0 0
0 0
(8.2)
M=exp|S-H-s|= exp(c-Hk~s) :@gxp((y-Hk.s) Ee;Mk
0
0 exp(6~HN~s)

where we already know how to calculate 2x2 matrices using three equations in (8.1).

But matrix in over-scored convention is not looking anything like direct sum for 2x2 matrices for
uncoupled motion: instead, it has four diagonal NxN matrices:

[Ml]ik . 0 ... 0
—_ = - Mll M12
- - -| o M 0
M=exp|S-H-s M, M, M, [ J]ik
_ 0 0 [MN]ik_

which is easy to prove noticing that in both conventions we have:



When equations of motion in N-deletional system are decoupled, i.e. the Hamiltonian of the
system is a simple sum of the Hamiltonian for each degree of freedom:
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where we already know how to calculate 2x2 matrices using three equations in (8.1).

But matrix in over-scored convention is not looking anything like direct sum for 2x2 matrices for
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2D case — coupled motion.

For a general linear 2D Hamiltonian we have possibility 10 coefficients, which in the under-

scored look like:
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Because system is Hamiltonian, the eigen values of matrix D are paired as (4,-4) because

f(A) =det(D=A-T) =det(D—2-1) T=det(S-H=2-T) T=det( HT- ST— ). IT) =det(—H-S—1-1) =
(=1)2Ndet(H- S+ 2-1) =det(H- S+ 1-1) =det( S(H- S+ 4-1) S~1) =det(D+1-1) =f (= 1) ;
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i.e. equation for eigen values is bi-quadratic in order of N — in it is quadratic equation for A? with
trivial a4 =1 and well known but not simple ay coefficients:

A+a A%+a =0; a =detD=detH
2 0 0

Because over- and under-scored D matrices are similar, they have identical eigenvectors and it
does not matter what form we are using to calculate less trivial coefficient a>:
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Expression for determinant is not short either

a =h %h 2=2h h h_h +h, 2h 2—h 2h h +2h h h . h_—h h_ *h
0 14 23 13 14 23 24 14 22 33 12 14 24 33 11 24 33

+2h h h h —2h h h h —2h h h h +2h h h h +h *h 2
13 14 22 34 12 14 23 34 12 13 24 34 11 23 24 34 12 34

—h h h >-h *h h +2h h h . h —h h *h —h *h h +h h _h_h
11 22 34 13 22 44 12 13 23 44 11 23 44 12 33 44 11 22 33 44

Fortunately, in most of the case in accelerator problems many of coefficients are zeros:
It takes a bit of effort to calculate. In the most general cases of accelerator Hamiltonian,

P2+p; 42 2
h=——+F-—+N-x'y+G- —+L(x P =y P)
2:p 2 2

o

o mc \2 72 _ ‘
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2:p |\ p, 2 x y "' y

any of 2D Hamiltonians has zero hi2, h34 and h24 components in making expression a little bit
more compact:

a—h2h2+h2h2—h2hh—hzhh—hh2h+hhhh=

0 14 722733 13 2244 11 23 44 11 22 33 44
2(h 2—h h )+h h (h_h —h, 2)+h 2(h 2—h h )..
2233 11 44" 22 33 22 44
F+G 5 F U (mc )2
a =h h_+h h —2h h_; a (x,y)= +1% a (x,70)= + . .
2 11 22 44 33 14 23" 72 p 2 p p p

[ o o0 o0
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Let’s discuss options for two pairs of eigen values 1> = — 2y | — | —a ;
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+e/".“' 3 ) | Y /~.\_ 3 3
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; 3 | : 3

S —A.S h.S —-h.S
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2.detH=a =0; a, # (), one degenerated eigen value, two distinct non-zero values
o

| 0; /12’3= + /—az; m =73; 11=2;12’3=1;

=054, =i #om=3,1 <21 =1; [] (D=4 1) r=(D=21)2(D+4 1) =(D*-221)

k# 1
~ m Ii—l¢i0)(,'{i)
exp(Ds) = ,;!LZ

i=0 J!
o) D=0 12(D*+2 M)+ (<4,)-(D-0-02- (D=4, T)=

¢ 1(0) ) (D2 B }\'02 ) I) + ¢(]])(0) "‘D- (D2 B x('Z ) I) + D2 . (D ) (¢2(Ao) + ¢3( N )"0)) + A'o I (¢2(A'0) B ¢3( B )‘0)));

A

(D—M)f]ﬂ(‘)‘h’)"]=¢1(0)-1-(D2—x(,2-1)+¢§1>(o)-(n—o-1)-(Dz—xoz-l) +

! k#i

As 1 As C)”S S
= . i (DY =«- e ()= = — 2.
q)l()‘) 22— 2 ’q)l(o) ) 2 P ()=s 22— 2 25 K(;\z_)\ 2)2 » b (0 32’
0 (8] (8] (8] (o]
e)gs e)hos C)LS e - ()g
0,00 = ———30,(%) = =53 9,00 = < ——i0,( %)= 7
i (X )‘3)()‘ }‘1) i 2k, (x )‘2)()‘ )‘1) —2h,
D*—A2-1 D-(Dz—k’ I) 2
D s = s s —hs
exp(Ds)= _ - 2() —g- — 0 " - 2(])'(6;"8—6 }"8)+)\0'I'(e}"s+e )Os))
(8] 0 (8]
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a \2
3. detH=q = (_2) we have two pairs of degenerated eigen values
2

0

~ _ 612 ~ _ m li_lgf)gi)(li) . D—J 1 ]k _
b, =A== m =2 <0 ep(Ds)= 20 | 5 (D=21) TI(P=21)|=

0o - . i
i=1\. =g J! k#i

(¢1(/11).I+¢(]1)(/11)(D—/111))_(D_;LZ,)er(d,z(xz).I+¢gl)(az)(n—z2l)).(D—g],)z;_
e).s dCP l(l) e).s e).s e).s d(,b 2(/1) e)..s‘ e}.s
?\)= (=2 - (2=2,)? _2(/1—/12)3 #,4)= (=2 di - (2=2,) _2(/1—/11)3’
As As -\ s -\ s
¢ ,(41)= ;02 ;o((4)) = ;03 (2,5 = 1), (%) = 64/102 ;o((4)) = ;03 (2,5 +1);
As -\ s
exp(Ds) = ;)3 (%O'H(l(,s - 1)(D_’1(,I))-(D+i(,1)’-’+ 64/1)3 (AO T (2 5+ 1)(1)""%1))-(D‘;R,I)2

Collecting the terms:

A S —A s
[ o

exp(Ds) = :A()3 (A”-I+()Lus - 1)(D—)LOI)) .(D+/l()l>3+ (-)4&03

(’%,'”(%S + 1)(D +A“1)).(D —/101): -

0

4 A A
0 0 0

A 23
0

A S -\ s - s
o o o

A S
e’ +te 0y e’ —e 3D §
exp(Ds) = 5 '[2'[‘D'.€+D3' A 2]"‘ > '(_I.)LUS-F;L_-I-DL;L__D}]

ALS 3= s As—1 —AS 3+A s As+1
e 5 S 3 0 e 0 5 8 3 0

= I'(2=4 s)+D- +D*-—+D’- + I'(2+4 5s)=D- —D**—+D’-
4 0 A 0

3
A
0

];



1. Fully degenerated case: /11 =0;m=1;1 = 4 1s very easy:

Z 1,-—1¢l,0>(i,.) (02 1y |TI(P=41)*|=

¢<1( ) $'2(0 ) $'3(0)
-(D=0-1) + (D=0-1)°+

A=0;m=151 <4 exp(D-s) =

${(0)- 1+ (D=0-1)

(D-5)*  (D-s)°
2! 3!

¢1(A~)=€)"S—> ¢(lk)(}“)=Sk'e/1-S$€Xp(DS)=I+D's+

The later result can be anticipated because all eigne values are zero with maximum Jordan block
in D of 4. and

(01 00]
ok 2 QS,B

0010
UL D*=0; I+ ) D*- ——I+D +D?- —+D"
0001 exp[D-s]= Z ’ 21

0000

S
I
<

31

If D with all zero eigen values has Jordan maximum with size m, then D™=0 and then there is m
terms in the Taylor expansion.
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3D case — coupled motion. A generic symmetric Hamiltonian 6x6 matrix has 21 coefficients and
there are simply too many sixth order products of these 21 coefficients in the expression for
characteristic equation:

f(2)=de(D=2-1) =der(S-H—=2-1)=2°+a 2" +a 2> +detH=0 ©.1)

{-h16 h25” h34” + 2 h15 h16 h25 h26 h34? - h15* h26” h34 + 2 h16¥ h24 h25 h34 h35 - 2 h15 h16 h24 h26 h34 h35 - 2 h14 h16 h25 h26 h34 h35 + 2 h14 h15 h26” h34 h35 - h16 h24” h35 + 2 h14 h16 h24 h26 h35? - h14” h26” h35? - 2 h15 h16 h24 h25 h34 h36 + 2 h14 h16 h25” h34 h36 +
2 h15% h24 h26 h34 h36 - 2 h14 h15 h25 h26 h34 h36 + 2 h15 h16 h24 h35 h36 - 2 h14 h16 h24 h25 h35 h36 - 2 h14 h15 h24 h26 h35 h36 + 2 h14® h25 h26 h35 h36 - h15% h24” h36% + 2 h14 h15 h24 h25 h36 - h14® h25® h36 + h16% h25% h33 ha4 - 2 h15 h16 h25 h26 h33 had .
h15 h26 h33 h44 - 2 h167 h23 h25 h35 ha4 + 2 h15 h16 h23 h26 h35 ha4 + 2 h13 h16 h25 h26 h35 ha4 - 2 h13 h15 h26 h35 hd4 + h16” h22 has® h44 - 2 h12 h16 h26 h3s® h44 + h11 h26” h35® h44 + 2 h1S h16 h23 h25 h36 ha4 - 2 h13 h16 h25° h36 had -
2h15% h23 h26 h36 ha4 + 2 h13 h15 h25 h26 h36 h44 - 2 h15 h16 h22 h35 h36 ha4 + 2 h12 h16 h25 h35 h36 had + 2 h12 h15 h26 h35 h36 ha4 - 2 h11 h25 h26 h35 h36 h44 « h15” h22 h36” ha4 - 2 h12 h15 h25 h367 had « hil h25? h367 h44 - 2 h16? h24 h25 h33 has +
2h15 h16 h24 h26 h33 h45 + 2 h14 h16 h25 h26 h33 haS - 2 h1d h15 h267 h33 haS + 2 h167 h23 h25 h34 ha5 - 2 h1S h16 h23 h26 h34 ha5 - 2 h13 h16 h25 h26 h34 haS + 2 h13 h15 h267 h34 b4 « 2 h167 h23 h24 h3S haS - 2 h14 hi6 h23 h26 his has
2h13 h16 h24 h26 h35 haS + 2 h13 h14 h267 h35 ha5 - 2 h167 h22 h34 h5 h45 « 4 h12 h16 h26 h3d h35 has - 2 h11 h267 h34 h35 ha5 - 2 h15 h16 h23 h24 h36 haS - 2 h14 h16 h23 h25 h36 h4S + 4 h13 h16 h24 h25 h36 haS + 4 h14 h1S h23 h26 hi6 has
2h13 h15 h24 h26 h36 ha5 - 2 h13 h14 h25 h26 h36 h45 + 2 h15 h16 h22 h34 h36 h45 - 2 h12 h16 h25 h34 h36 h4S - 2 h12 h15 h26 h34 h36 ha5 + 2 h11 h25 h26 h34 h36 h45 « 2 h14 h16 h22 h35 h36 h4S - 2 h12 h16 h24 h35 h36 h4S - 2 h12 h14 h26 h35 h36 hds +
2 h11 h24 h26 h35 h36 ha5 - 2 h14 h15 h22 h367 has + 2 h12 h15 h24 h367 has + 2 h12 h14 h25 h367 ha5 - 2 h11 h24 h25 h367 ha5 - h167 h23? has” + 2 h13 h16 h23 h26 has? - h13? h26” has? « h16” h22 h33 h45? - 2 h12 h16 h26 h33 has® + h1l h26” h33 has? -
2h13 h16 h22 h36 ha5” + 2 h12 h16 h23 h36 h45? + 2 h12 h13 h26 h36 ha5” - 2 h11 h23 h26 h36 has” - h12” h36” has” + h1l h22 h36” ha5” + 2 h15 h16 h24 h25 h33 h46 - 2 h14 h16 h257 h33 h46 - 2 h15” h24 h26 h33 ha6 + 2 h14 h1S h25 h26 h33 has -
2h15 h16 h23 h25 h34 h46 + 2 h13 h16 h25” h34 h46 + 2 h157 h23 h26 h34 ha6 - 2 h13 h15 h25 h26 h34 h46 - 2 h15 h16 h23 h24 h35 ha6 + 4 h14 h16 h23 h25 h35 h46 - 2 h13 h16 h24 h25 h35 ha6 - 2 h14 h15 h23 h26 h35 h46 + 4 h13 h15 h24 h26 h35 ha6 -
2h13 h14 h25 h26 h35 ha6 + 2 h15 h16 h22 h34 h35 h46 - 2 h12 h16 h25 h34 h35 h46 - 2 h12 h15 h26 h34 h5 h46 « 2 h11 h25 h26 h34 h35 ha6 - 2 h14 h16 h22 h35? ha6 « 2 h12 h16 h24 h357 h46 + 2 h12 h14 h26 h5? ha6 - 2 h11 h24 h26 h35% ha6 «
2h15% h23 h24 h36 ha6 - 2 h14 h15 h23 h25 h36 h46 - 2 h13 h15 h24 h25 h36 h46 + 2 h13 h14 h25° h36 h46 - 2 h15% h22 h34 h36 h46 + 4 h12 h15 h25 h34 h36 h46 - 2 h11 h25° h34 h36 h46 + 2 h14 h15 h22 h35 h36 hé6 - 2 h12 h15 h24 h35 h36 h46 -
2h12 h14 h25 h35 h36 ha6 + 2 h11 h24 h25 h35 h36 h46 + 2 h15 h16 h23? h45 h46 - 2 h13 h16 h23 h25 has h46 - 2 h13 h15 h23 h26 h45 ha6 + 2 h13% h25 h26 h45 h46 - 2 h15 h16 h22 h33 h45 h46 + 2 h12 h16 h25 h33 h4s h46 + 2 h12 h15 h26 h33 has ha6 -
2h11 h25 h26 h33 ha5 h46 + 2 h13 h16 h22 h35 ha5 h46 - 2 h12 h16 h23 h35 ha5 h46 - 2 h12 h13 h26 h35 haS h46 + 2 h1l h23 h26 h35 has h46 + 2 h13 h1S h22 h36 ha5 h46 - 2 h12 h15 h23 h36 ha5 h46 - 2 h12 h13 h25 h36 ha5 h46 + 2 h11 h23 h25 h36 has h46 +
2h127 h35 h36 ha5 has - 2 h11 h22 h35 h36 h45 h46 - h15” h23” h46” + 2 h13 h15 h23 h25 a6 - h13” h257 h46? « h15” h22 h33 h46” - 2 h12 h15 h25 h33 h46” « h11 h257 h33 h46” - 2 h13 h15 h22 h35 h46” + 2 h12 h1S h23 h35 h46” + 2 h12 h13 h25 h3s hae” -
2h11h23 h25 h35 ha6” - h12” h35” ha6” « h1l h22 h3s” ha6” « h16” h24” h33 hSS - 2 h14 h16 h24 h26 h33 hS5 « h14” h267 h33 hSS - 2 h16” h23 h24 h34 hSS + 2 h14 h16 h23 h26 h34 hSS « 2 h13 h16 h24 h26 h34 hSS - 2 h13 hid h26” h34 hss «
h167 h22 h34? hSS - 2 h12 h16 h26 h34® hSS « h11 h267 h34® hSS « 2 h14 h16 h23 h24 h36 hSS - 2 h13 h16 h247 h36 hSS - 2 h14” h23 h26 h36 hSS « 2 h13 h1d h24 h26 h36 hSS - 2 h14 h16 h22 h34 h36 hSS + 2 h12 h16 h24 h34 h36 hSS « 2 h12 h1d h26 h34 h36 hsS -

2 h11 h24 h26 h34 h36 h55 + h14” h22 h36” h55 - 2 h12 h14 h24 h36® h55 + h11 h24” h36” h55 + h16” h23? ha4 h55 - 2 h13 h16 h23 h26 ha4 h55 + h13” h26” ha4 h55 - h16” h22 h33 ha4 h5S + 2 h12 h16 h26 h33 h44 hs5 - h11 h26° h33 had hss «
2h13 h16 h22 h36 ha4 h55 - 2 h12 h16 h23 h36 h44 h5S - 2 h12 h13 h26 h36 h44 h55 + 2 h11 h23 h26 h36 ha4 hs5 + h12* h367 h44 hSS - h11 h22 h36% h44 hSS - 2 h14 h16 h23* h46 hS5 + 2 h13 h16 h23 h24 h46 hSS5 + 2 h13 h14 h23 h26 ha6 hss -
2h13" h24 h26 h46 hSS + 2 h14 h16 h22 h33 h46 hSS - 2 h12 h16 h24 h33 h46 hSS5 - 2 h12 h14 h26 h33 ha6 hSS5 + 2 h1l h24 h26 h33 ha6 hS5 - 2 h13 h16 h22 h34 h46 hSS « 2 h12 h16 h23 h34 h46 hSS + 2 h12 h13 h26 h34 h4a6 hSS - 2 h11 h23 h26 h34 hat hss -
2h13 h14 h22 h36 ha6 hSS + 2 h12 h14 h23 h36 ha6 hSS + 2 h12 h13 h24 h36 ha6 hS5 - 2 h11 h23 h24 h36 hd6 hSS - 2 h127 h34 h36 ha6 hSS + 2 h1l h22 h34 h36 h4s hSS « h137 h22 h467 hSS - 2 h12 h13 h23 h467 hSS « hil h237 ha6? hsS « h12? h33 has” hss -
h11 h22 h33 h467 hS5 - 2 h15 h16 h24” h33 hS6 « 2 h14 h16 h24 h2S h33 hS6 + 2 h14 h15 h24 h26 h33 hS6 - 2 h14” h25 h26 h33 hS6 « 4 h15 h16 h23 h24 hid hS6 - 2 h14 h16 h23 h25 h34 hS6 - 2 h13 h16 h24 h25 h34 hS6 - 2 h14 h15 h23 h26 h34 hsé
2h13 h15 h24 h26 h34 h56 + 4 h13 h14 h25 h26 h34 hS6 - 2 h15 h16 h22 h34” h56 + 2 h12 h16 h25 h34? hs6 + 2 h12 h15 h26 h34” h56 - 2 h11 h25 h26 h347 h56 - 2 h1d h16 h23 h24 h35 h56 + 2 h13 h16 h24” h35 hS6 + 2 h14® h23 h26 h35 hS6 - 2 h13 h14 h24 h26 h35 hs6 +
2h14 h16 h22 h34 h35 h56 - 2 h12 h16 h24 h34 h35 h56 - 2 h12 h14 h26 h34 h35 h56 + 2 h11 h24 h26 h34 h35 hS6 - 2 h14 h15 h23 h24 h36 hS6 + 2 h13 h1S h24” h36 hS6 + 2 h14” h23 h25 h36 hS6 - 2 h13 h14 h24 h25 h36 hS6 + 2 h14 h15 h22 h34 h36 hs6 -
2h12 h15 h24 h34 h36 h56 - 2 h12 hi4 h25 h34 h36 hS6 + 2 h11 h24 h25 h34 h36 hS6 - 2 h14” h22 h35 h36 hS6 + 4 h12 h14 h24 h35 h36 hS6 - 2 h11 h24” h35 h36 hS6 - 2 h1S h16 h23” had hS6 « 2 h13 h16 h23 h25 had hS6 + 2 h13 h1S h23 h26 ha4 hse
2h137 h25 h26 ha4 h56 + 2 h15 h16 h22 h33 had hS6 - 2 h12 h16 h25 h33 hd4 h56 - 2 h12 h15 h26 h33 had hS6 + 2 h1l h25 h26 h33 hd4 hS6 - 2 h13 h16 h22 h35 had hS6 « 2 h12 h16 h23 h35 had hS6 + 2 h12 h13 h26 h35 had hS6 - 2 h1l h23 h26 h35 had h56
2h13 h15 h22 h36 had hS6 + 2 h12 h15 h23 h36 ha4 hS6 « 2 h12 h13 h25 h36 had hS6 - 2 h11 h23 h25 h36 had hS6 - 2 h127 h35 h36 hdd hS6 + 2 h11 h22 h35 h36 hd4 hS6 « 2 h1d h16 h23? haS hS6 - 2 h13 h16 h23 h24 heS hS6 - 2 h13 h14 h23 h26 has hs6 «
2h13% h24 h26 ha5 h56 - 2 h14 h16 h22 h33 h45 hS6 + 2 h12 h16 h24 h33 h45 h56 + 2 h12 h14 h26 h33 has hS6 - 2 h11 h24 h26 h33 ha5 hS6 + 2 h13 h16 h22 h34 ha5 hS6 - 2 h12 h16 h23 h34 h45 hS6 - 2 h12 h13 h26 h34 h4S hS6 + 2 h11 h23 h26 h34 ha5 hs6 «
2h13 h14 h22 h36 h45 hS6 - 2 h12 h14 h23 h36 h4S hS6 - 2 h12 h13 h24 h36 h4S hS6 + 2 h11 h23 h24 h36 haS hS6 + 2 h12® h34 h36 haS hS6 - 2 h11 h22 h34 h36 haS hS6 + 2 h14 h15 h23* h46 hS6 - 2 h13 h15 h23 h24 h46 hS6 - 2 h13 h14 h23 h25 ha6 hse «
2h137 h24 h25 h46 hS6 - 2 h14 h15 h22 h33 h46 hS6 + 2 h12 h15 h24 h33 h46 h56 + 2 h12 h14 h25 h33 h46 hS6 - 2 h11 h24 h25 h33 h46 hS6 + 2 h13 h15 h22 h34 h46 hS6 - 2 h12 h15 h23 h34 h46 hS6 - 2 h12 h13 h25 h34 h46 hS6 + 2 h11 h23 h25 h34 h46 hS6 +
2h13 h14 h22 h35 ha6 hS6 - 2 h12 h14 h23 h35 ha6 hS6 - 2 h12 h13 h24 h35 ha6 hS6 + 2 h11 h23 h24 h35 ha6 hS6 « 2 h127 h34 h35 ha6 hS6 - 2 h11 h22 h34 h3S hd6 hS6 - 2 h13? h22 h45 ha6 hS6 + 4 h12 h13 h23 h4S ha6 hS6 - 2 h11 h237 hdS ha6 hs6
2 h12% h33 ha5 ha6 h56 + 2 h1l h22 h33 has ha6 hs6 - h14? h23% hS6% + 2 h1d h1d h23 h24 h567 - h13” h24? hS6 « h14? h22 h33 hS67 - 2 h12 h1d h24 h33 h$6 + h1l h24? h33 hS67 - 2 h13 h14 h22 h34 h567 + 2 h12 h14 h23 h34 hS6? « 2 h12 h13 h24 h34 hs6*
2 h11 h23 h24 h34 hS67 - h127 h34? h567 + h11 h22 h34% hS67 + h137 h22 ha4 h56° - 2 h12 h13 h23 ha4 hS6% + h11 h23° ha4 hS6% + h12° h33 ha4 hS6” - h11 h22 h33 h44 h56” + h157 h247 h33 h66 - 2 h14 h15 h24 h25 h33 h66 « h14 h257 h33 h66 - 2 h157 h23 h24 h34 h66 +
2 h14 h15 h23 h25 h34 h66 + 2 h13 h15 h24 h25 h34 h66 - 2 h13 h14 h25 h34 K66 + h157 h22 h347 h66 - 2 h12 h15 h2S h34* h66 + h11 h257 h347 h66 + 2 h14 h15 h23 h24 h35 h66 - 2 h13 h15 h247 h35 h66 - 2 h147 h23 h25 h35 h66 + 2 h13 h14 h24 h25 h3S h66 -
2h14 h15 h22 h34 h35 h66 + 2 h12 h15 h24 h34 h35 h66 + 2 h12 h14 h25 h34 h35 h66 - 2 h11 h24 h25 h34 h35 h66 + h14” h22 h35? h66 - 2 h12 h14 h24 h35? h66 + h1l h24? h35? h66 + h157 h23” had h66 - 2 h13 h15 h23 h25 ha4 h66 + h13? h25% had he6 -
h157 h22 h33 ha4 h66 + 2 h12 h15 h25 h33 had he6 - h11 h257 h33 h44 h66 + 2 h13 h15 h22 h35 ha4 h66 - 2 h12 h1S h23 h3s hdd he6 - 2 h12 h13 h25 h35 ha4 h66 + 2 h1l h23 h25 h35 ha4 h66 « h12” h35” had h66 - h1l h22 h35” had he6 - 2 h14 h1s h23” has 6 «
2h13 h15 h23 h24 ha5 h66 + 2 h13 hi4 h23 h25 haS h66 - 2 h137 h24 h25 h45 h66 + 2 hid h15 h22 h33 has h66 - 2 h12 h15 h24 h33 has h66 - 2 h12 h14 h2S h33 h4s h66 « 2 hil h24 h25 h33 h45 h66 - 2 h13 h15 h22 h34 h45 h66 + 2 hi2 h15 h23 h34 has he6 «
2h12 h13 h25 h34 ha5 66 - 2 h11 h23 h25 h34 ha5 h66 - 2 h13 h14 h22 h35 ha5 K66 + 2 h12 h14 h23 h35 haS h66 + 2 h12 h13 h24 h35 ha5 h66 - 2 h11 h23 h24 h35 ha5 h66 - 2 h12* h34 h35 h45 h66 + 2 h11 h22 h34 h35 h4S h66 + h137 h22 has? he6 -
2h12 h13 h23 has? h66 + h11 h23* ha5” h66 + h12? h33 ha5? h66 - h1l h22 h33 h45% h66 « h14” h23% h55 h66 - 2 h13 h14 h23 h24 hSS5 h66 + h13? h24® hSS5 h66 - h14 h22 h33 hSS h66 + 2 h12 h14 h24 h33 h5S h66 - h11 h24” h33 h55 h66 + 2 h13 hl4 h22 h34 h55 he6 -
2h12 h14 h23 h34 hS5 h66 - 2 h12 h13 h24 h34 hSS h66 + 2 h1l h23 h24 h34 hsS h66 + h12* h34? hS5 h66 - hil h22 h34® hSS h66 - h13” h22 had hsSs he6 + 2 h12 h13 h23 ha4 hSS h66 - hil h23” ha4 hsS h66 - h12? h33 h4d hsS he6 + h1l h22 h33 had hss hee,
©, h14? h23? - 2h13 h14 h23 h24 « h13? h24% + 2 h14 h16 h23 h25 - 2 h13 h16 h24 h25 « h16¥ h25% - 2 h14 h1S h23 h26 « 2 h13 h1S h24 h26 - 2 h15 h16 h25 h26 + h1s? h26? - h14? h22 h33 + 2 h12 h14 h24 h33 - h11 h24? h33 + 2 h13 h14 h22 h34 -
2h12 h14 h23 h34 - 2h12 h13 h24 h34 + 2 h11 h23 h24 h34 « h127 h347 - h11 h22 h34 « 2 h16 h25 h34 - 2 h15 h26 h347 - 2 h14 hi6 h22 h35 + 2 h12 h16 h24 h35 « 2 hi2 hid h26 h35 - 2 h1l h24 h26 h35 - 2 h16 h24 h34 h35 + 2 h14 h26 h34 h3S5 « 2 h14 h15 h22 h36 -
2h12 h15 h24 h36 - 2 h12 h14 h25 h36 + 2 h11 h24 h25 h36 + 2 h1S h24 h34 h36 - 2 h14 h25 h34 h36 - h13” h22 had « 2 h12 h13 h23 had - h1l h23% had - h12® h33 had « h1l h22 h33 had - 2 h16 h25 h33 had « 2 h15 h26 h33 had « 2 h16 h23 has had -
2h13 h26 h35 h44 - 2 h15 h23 h36 had + 2 h13 h25 h36 ha4 + 2 h13 h16 h22 h4S - 2 h12 h16 h23 h45 - 2 h12 h13 h26 ha5 + 2 h11 h23 h26 ha5 + 2 h16 h24 h33 haS - 2 h14 h26 h33 h4S - 2 h16 h23 h34 hd5 + 2 h13 h26 h34 ha5 + 2 h12* h36 hd5 - 2 h1l h22 h36 has
2h14 h23 h36 ha5 - 2 h13 h24 h36 h45 + 2 h16 h25 h36 h4s - 2 h1S h26 h36 has « h36® has? - 2 h13 hiS h22 ha6 + 2 h12 h15 h23 h46 « 2 h12 h13 h25 ha6 - 2 h1l h23 h25 ha6 - 2 h1S h24 h33 h46 « 2 h14 h25 h33 h46 « 2 h15 h23 hi4 ha6 - 2 h13 h25 h34 hat -
2h127 h35 h46 + 2 h11 h22 h35 h46 - 2 h14 h23 h35 ha6 + 2 h13 h24 h35 ha6 - 2 h16 h25 h35 h46 + 2 h15 h26 h35 h46 - 2 h35 h36 h4S ha6 + h35* ha6” - h162 h22 hSS + 2 h12 h16 h26 hSS - h11 h26? hSS5 - 2 h16 h24 h36 h55 « 2 h14 h26 h36 hSS - h36” had hss .
2h16 h23 h46 hSS - 2 h13 h26 h46 hSS + 2 h34 h36 h46 hSS - h33 h46? h5S + 2 h15 h16 h22 hS6 - 2 h12 h16 h25 hS6 - 2 h12 h15 h26 hS6 + 2 h11 h25 h26 hS6 + 2 h16 h24 h5 hS6 - 2 h1d h26 h35 hS6 « 2 h15 h24 h36 hS6 - 2 h14 h25 h36 hS6 + 2 h5 h36 had hse
2h16 h23 ha5 hS6 + 2 h13 h26 h4S h56 - 2 h34 h36 h4S hS6 - 2 h1S h23 ha6 hSE + 2 h13 h25 ha6 hS6 - 2 h34 h35 h46 h56 + 2 h33 ha5 ha6 hS6 + h12? hS67 - h11h22 hS67 + 2 h14 h23 hS67 - 2 h13 h24 hS67 + h34” hS67 - h33 had hS6” - h15? h22 h66 + 2 h12 h15 h25 h66
h11 h25 h66 - 2 h15 h24 h35 h66 + 2 h14 h25 h35 h66 - h35” had h66 + 2 h15 h23 ha5 h66 - 2 h13 h25 h45 h66 + 2 h34 h35 h45 h66 - h33 ha5® h66 - h12” hSS h66 + h11 h22 hSS5 h66 - 2 h14 h23 hS5 h66 + 2 h13 h24 hSS h66 - h34® h55 h66 + h33 had hsS h66,
9, ~h12% + h11h22 - 2h14 h23 + 2 h13 h24 - 2 h16 h25 + 2 h15 h26 - h34? + h33 ha4 - 2 h36 h45 + 2 h35 ha6 - hS6” + hSS h66, 0, 1}

that it is nowadays is for Al to find any combinations except 1 and a,=defH, which make sense.
Hence, we can assume that a,, a», as are arbitrary real numbers
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In the case of our form of accelerator Hamiltonian, we have 11, generally speaking, independent
coefficients (i.e. two, haz and ha4, are identical, two are connected. his=-h»3, and 8 are simply
zeros. Even in this case coefficients are still rather long:

2 ) bl bl 2 2 2 ) ) ) 2 2
a =detH=h “h_“h_“—2h h h_“h _h_ +h “h_“h_ “+h “h “h_h_—h “h _“h_h_ +2h h h_“h_h_ +
0 16 22 35 15 16 22 35 36 15 22 36 14 16 22 55 16 22 33 55 13 16 22 36 55
h 2h h *h —h h_ *h *h +h %h *h h —h *h *h_ h +2h h h *h_h +h *h_h *h —h h_*h *h +
14 22 36 55 11 22 36 55 14 15 22 66 15 22 33 66 13 15 22 35 66 14 22 35 66 11 22 35 66
h *h h —h h *h_ h. . h —h *h *h.h —h *h_ h. h . h +h h_*h_h_h :
14 55 66 11 14 22 55 66 13 22 55 66 14 22 33 55 66 1122 3355 66’

a=h *—=h h *h_—h *h22°—h 2h
13 14

2 — —
2 14 11 14 22 +hllh?_2 ]133 4hl4h hyh +4hl4hlSh?_2h3()

h
227733 16 22 35

h 2h h =1 h__—h

i ) bl )
h h_~ I —h_h_“h +2h “h_h +h h_;
16 225 22736 55 15 14 55 66 1122’

h_h
22 66 22 35 66

= 2 ., =
a,=2h +1122(h,“+h33)+hssh%,u() 1.

With exception of as and a4 the expressions are still too generic to make assumptions and
conclusions about their values. Equation for eigen values can be solved analytically:

}'l,:=—l ’.'-Za4+2 | (3“1_“4.)—21"‘lq :
6 4
' 1Wafy 1z f2 2 . 3
A=t 2a4—2 (1£143)(3a. ~a, );i-z”"(ihﬁ)q :
b §

— I - T 32 3 3 "
g= (3\.‘3\.'27“: +4a,’ —18a,a.a, —a,'a,’ +4a,a,’ -27a, +%a.a, - 2a, ) .

https://en.wikipedia.org/wiki/Cubic_function
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Number or real and complex A, is determined by the discriminant of the cubic equation

: 2 3 2
A=18aa.a,-4aa, +a,a, —4a, -27a,

Two other combinations play important role in defining branches of roots of cubic equation:

A,=a, -3a,; A =2a, -9a,a,+27a,.

If A> 0, then the cubit equation has three distinct real roots:

. . . 4 . . . ol
This corresponds to six distinct eigen values comprised of pairs A,.—A, when none of A, is zero.

A, is real or purely imaginary depending on the sign of 4. .
If A =0 then the cubic equation has a multiple root and all of its roots are real.
If A, =0 than all A, are identical

Al=-2t k=123
3

with sign of a, defining if A, is real or purely imaginary.

When a, # 0 the level of degeneration (maximum height of the eigen vectors) is 3.

When a, =0, all eigen vectors are zero and level of denervation can be 6. But requirement
of a,=0,40=0and A =0meanthat g, =0 and q, =0, e.g the characteristic equation

is

5 Du .
p(A)=det[D-A1]= A", p(D)=D" =0 - exp(Ds) =1+ 3, —

1
e n!

If A, # 0 than all Af are identical there is a double root

9a —a a
274

and one unique

and we have degeneration of at least second of second order.

If A <0, then the cubic equation has one real root and two non-real complex conjugate roots.

Generally, this would correspond to a non-degenerated case.
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Again, we know that we have 3 pairs of eigen valises (44,-Ay), k=1,2,3 and the simples case is
when all three pairs are distinct (i.e. they are also non-zero, a = detH # 0):
o

1. detH= a # () - six distinct eigen values (A4,-Ax), k=1,2,3

As =i L8 =18 2.7 2 2__1 2
oVt 0 = T DTTAST DT=AC
exp[D-s]=|1 +D F— —— —+
2 24 A=A A= AS
ALs —}.5 Y —A.s 217 2 219 2
I +D ] 2 g ) +
2 24, A=A A=AS
p - ) 2_ 42 2_ 42
O e J¥ =, D°mAT1 D /12 I
I +D ) - g g 7 g
2 24 A=A A=)
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2.detH=a #0 - there can be only 6, 4 or 2 distinct eigen values. In case of odd number of
o
distinct eigen values, even number of them are non-zero pairs, with odd eigen value equal to its

partner with opposite sign — i.e. it is zero requiring zero determinant

Let’s first consider case when A;=A># As:

e As

(;. —A“)Z(/: +AU)3

)L —+A, m=4;1 2<2; ¢3(A3)=

m -1 (,) o L. (D—)Lul)l.(D+AUI)3
e,\p(Ds)— [/ - (D~ AI)/]M(D—/-AI)AIW‘ R +
(0 1o A (11 (070 010 (204D (021 (071
. dcp”(/l _ oS ) 2k ) 27 |
1,2 (/12—/13-)(/1110) d (A-—A )(Au”)z (12—132)(/11/10)3 (12—132)(1110)3

1
-l—- = = —_— —
2 P=al)2a ) (22 (#2704, (2,4
Now got to two distinct eigen values:

A =i iym=2;1 <3;
2 0 1,2

exp(Ds) = % l[lzl d)?)(/t ) (D A I) ]L ='(D—/.LI\I)IA‘| =

i=1\;=0 J!

¢(2)(/’L”)(D+}Lol)2 Do 1)3;

¢ . C / ¢ ’ )
—).(D+A01)3+ [‘1’2(_10) .l+¢(21)(—/"1.‘))(D+/"L(JI) + % ( o
ol ‘1¢| A) e’s 3ehs ‘IZ(P 1,2(/1) 5 e™ 6s - e 12¢%

3 , S NEYE o ST T
1.2 (/L ) )3 dA (A, i )3 (A. i )4 dir~ (/L i )3 (/L i )4 (A. i )5
o [ o o o o
+ +5 +5 +) +) +;
_l“.\ T s )_A K ] ) e _A”.s 6s - e _A“.s 12¢ _A”.\
: ¢(~)(iA )= + g2 - +
l o0

(,1 1 )-‘ (/1 2 )4 (/1 1 )5
(4 o 0
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3.detH=a =0 - means that at least one pair of eigen values is zero we need to consider cases
o

of 5, 3 and 1 distinct values. Start from easy case of one, when all eigen values are zero

We can do the same process as we did for

I

m li—l(p(j)(lli) /
/1]=0; m=l;[1$6; C’«VP(D'S):Z|:[Z ! (D-X,I)/]H(D_ll\l)‘]=

i=1\;=o Jj! k#i
¢(1(0) ¢2(0) ¢(0) ¢4(0) ¢)0)
$©(0)-1+ ‘“ -(D-0-1)+ 12! (D-0-1)2+ ‘3! -(D-0-1)3+ ‘4! -(D-0-1)5+ ‘5! (D= 0-1)5;
§ ()=et s> pWG)=sk- 2" = exp(Ds) =1+ D -5 + (Dz- :)2 * (Dg- !3)3 * (D4-z8)4 " (1)3- zS)S
! k

or remember that D10=0- exp[D's]=I+ ZD"'-S—-
’ = k!
k=0
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The case of three distinct eigen values means that we have four zeros and one non-zero pair:

m Ii_lﬁb(-j)(li) Do 1 ;
2, =0; {/12,—/12}#0; m=3;1 <4 e’xp(D'S)=Z[[Z _ (D—lil)’]kl;[i( ol )A]=

i=ll\;=0 J!

¢'1(0) ¢'2(0) ¢'3(0)
) 2_, 2
¢0(0) 1+ ——— (D=0 —— (D=0 1+ ——(D=0-1) (D?=2,77) +
L S L S
) _ e - e -
¢>(,“)(}“z)'(D—0'1)4+¢>£°)( 2,)D=0-1)% ¢O(%2,)= —=—
? ? 2 (£2,=4) A
e/".'.v e/". K 2 e).'.\ e/. K }L_ef § e/ s AZ e/ s
¢1()L)= ) ,’;qb(ll)(ﬂ):.f'ﬂ,’ 5 .0 ')'); ¢(|2)(A)=S2' b ’)_45 ) 77_2 ) ’>'>+8 b ')’);
22=2) 22=2) (A'—lz")' 2= (}r—lz-)- (/L-—Az-)- (a-—xz-)-
s = 57 et £3geghs 8/ 2 ool s2) s 24, 4823
“A)=s s-e” - —6¢ et -
2_4 2 2__ 9 2\3 2__ 9 2\2 2__ 9 2\2 2__ 4 2\2 2, 2\2 |
2=, (A /12) (A xz) (}L xz) (,1 ;12) (/1 Az)
, . 2+ %52 s(2+xfs2)
- _ O = — . 2 = — B = — -
¢ (0) 75 ¢,(0) L ¢.7(0) i 3 ¢,7(0) T
exp(D-s)=D* , —|—I1+—D+ — — — — (D'—/,'I)
1’4 YR ) © }\',,4 2' }\'54 3l 2
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The case of five distinct number means that we have two zeros and two distinct non-zero pairs:

2, =0; {)L2,3,—)L2,3}¢0; m=5;1 <2; D=2 - 1=D;

_ o[t o) —2 V| =] 40 #10) 2 2\ 2
exp(D-s)= 2. Z (D=21y]] TT(D=21)%={pO0) -1+ —-(>=0-1) [(D2=2.21)(D?= 2 21)

i=1|\;=o J!
+(¢f()o)(;bz) +¢O(—2, )) -(D*=271) (q,(o) +¢(o) ) p2-(D?=271) +
) ) e"‘). K ei 58 ei}{?"s
¢'()O) i)tz = 2 = ) i o) ;¢£0) i)b- - = ) i i
2 ( ) (izz—zl)(zz——;b;) ;LZ—(;L2~—;L3—) 2 ( *) A3—(A3——z2—)
el's el's 2)L.el's z;b.ell's

. ¢(])()L) =g-

) ()”2 B )”22)()”2 B )”32) o ()“2 B ;”22)()”2 a )°32) ) ()"2 Bl )”22)2(;”2 a ;”32) ()“2 a )“22)(}”2 - )“32)2 |
(0,10 ¢

s
—) y 2;exp(D'S)=

D2 el S+€—l - ) A} s+e )“z s i ;
)\7_)\'2 )LZ (D _;\'3 I) 2 (D _;\'2 I)
2 3 2 3
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What we learned?

It 1s important to pay attentions when using Sylvester
formulae, especially when we are considering degenerates
cases

* Because of (A,-A) pairing for linear Hamiltonian system,
we have analytical expressions (long for general 3D case)
for eigen values

* For each case, depending on number of distinct eigen
values, we also can write analytical expression for
exp[Ds], 1.e. the transport matrix of any element in
accelerator
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Let’s for a distraction take square root of 2x2 matrix:

a b rM trM \2
M= cdet(M—=A-1)=22=1-trM+detM =0; . = + —detM
c d 12 2 2

There is degenerated case only when square root is zero, otherwise we have simple

trM trM trM \2
A= +d; A =———d; A —A_=2d; d=+ — | —detM ;A A =detM
1 2 2 2 172 2 "2

Mll Mll Mll M—/ll-l

VM = \/_l r = :::\/_ h—k _i\/Tl 2d ERE Y
A, -(M—12-1)+ /12-(M—/11 -I) M -I-
RAER IS J_J— o
M=, 1) — M=, 1) M +I- [4 2,
PR R ()
T T =,

i.e. we have 4 solutions, but two pairs are simple result of (-1)’=1°=1. But two solutions are
distinct:

I+ +I

tr-M trM trM \2
A= +d; A =———d; A —A_=2d; d=+ — | —detM ;A A =detM
2 2 1 2 2 11

2

|
M - detM (M —1-JdetM)?
JM =+ / + [a ) 2 (/,1+/,1)2
1 4d2 1 2
\/— _,M —I-\/detM (3T )= (M +I-\[derM)* 5
M, =4 2d \/'11 \//12 M 1) - Pz (\/ll \/}”2)
+1-/detM)? =M2 42, /detM - M +1 - detM; 4d* = (trM)? — 4detM;
( /,1] /,1 )? =), i, +2 /,1 2, =M +2./detM
( [i - [a )2=,1 +i =2.[% i =trM—=2detM
1 2 1 2 1 2




with additional work to do

M? +2./detM -M +1 -detM
(YM | )?= :
’ trM £2 </ detM

a b]2+|:ad—bc 0 ]_[a(a+d) b(a+d)
¢ d 0 ad—bc | | cla+d) dla+d)

M2 +2.[detM -M +1-detM =M - (trM +2 [ detM ) #

to prove that all four solutions are indeed square roots of 2x2 matrix with distinct eigen values.

M2 +1-detM = [ }= M -trM;

Now let’s look at degenerated case with d=0:

AU=AI=/{2=

trM trM \2 trM \2
d=+ T —detM =0;All7=detME P ;

m [~ 900
m=1,1,52; f(M)=Z[(Z — (M-lil)j]H(D‘)u’)"]%,(x”)-1+¢>(,’)(/1())-(M—x”-l);

i=1l\j=0 J/ =i
, . df 7 1
¢ ) =W /I1G=1)%¢,()=[4 ,-¢</>u)=—‘/_ = —;
=] J 0 0 dl A 2 [a
M—lu 1 M+/10‘I M+}\0 I
VM = [4 -1+ = =’*/M12=i T

trM ( trM
d=+

2 trM \2
—detM =0; A A_=detM= ;
2 "2

M?+2) M+ 21\ MPHR 2T
0 0 o

(‘/me: * 4 =2 T Tra)

o

(a+d)?

trM
( =ad — bc;

2
> ) —deM = 4=(a+d)* =)=

abl [ad—bc O a?+ad bla+d)
M2+)\2'I= + = =2\ M,
o cd 0 ad—bc bla+d) d*+ad °

M M
(VM 12)2=?+7=M#
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The only case we cannot consider here when eigen vectors are zero, i.e. both the trace and
determinant of matric are zero

a b a’+bc 0
M= ;a=i\/—bc; A =1 =)1=0,M*= =0.
¢ —a 0 bz 0 a’+bc

and we have zero in the denominator for our solution. This is the case when Sylvester formula
does not provide us with solution. It does not mean that does not exist — it means that method we
relied upon (Taylor expansion) is no longer useful because derivatives at the value(s) of eigen
number(s) become infinite. But as we can see from the above equation, there is infinite number
of solutions for square root of zero matrix.

When you meet such challenge, one of the ways to expand the function at location where
derivatives exist, for example expand 4/ I+ (M —1I) and look for solution of matrix equation

(I+ A)2=M — T but this is entire new area of discussions, and we do not have time to go there.

Square roots of real matrix are not necessarily real with an obvious example

o Do ]

but what is probably even more interesting for us that it has infinite number of real solutions:

a b P |a*+bc 0 -1 0
A= = = VA with trA =0 and detA = —(a®+bc)=1
c —a 0 a*+bc 0 -1

again, pointing to the fact that not all matrix equations have unique roots and, in some cases, can
have infinite number of “solutions” (branches). I suggest that as exercise at home you would
check when square root expressions, we derived above are matrices with real numbers.

[\
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