
PHY 564
Advanced Accelerator Physics

Lecture 8
Matrices of accelerator elements

Vladimir N. Litvinenko

CENTER for ACCELERATOR SCIENCE AND EDUCATION
Department of Physics & Astronomy, Stony Brook University

1



Sylvester formulae
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Standard case of distinct eigen values, 1… 2n 

Degenerated case of with m < 2n distinct 
eigen values, ni is the height (index) of the eigen value 



3



4



5



Specifics for this lecture
• Today we will be  using “underscore” convention 
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Next step
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Case II b cont… 
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How we do it?
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One more - less trivial case, a solenoid

• It is interesting that it can be found in two ways
– Directly without using torsion – case 3
– Using torsion –case 2b  
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Matrix of solenoid –Case 3
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Matrix of solenoid: 
using case 3we get an unusual matrix
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Actually this matrix has a very simple structure, 
which can be easily reviled if we use torsion

(s1)



Matrix of solenoid
To bring it to Case 2, we can use torsion to 

eliminate coupling terms in the Hamiltonian
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It means that in rotating coordinate system x and y motions are 
decoupled and it is simple oscillation caused by uniform focusing 

in both directions. What remains is rotation by angle 



Matrix of solenoid… continued
To bring it to the same coordinate frame we need to rotate the 

coordinate back by angle   
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It means that solenoid focuses equally in all direction and rotates 
planes of oscillation by and angle 

(s2)

It easy to show that 4x4 matrices (s2) and (s1) are identical using 
simple ratios like 

It is interesting that matrix of s solenoid with arbitrary 
dependence of magnetic field has the same form   



What we learned today?
• Majority of accelerator elements are either drifts or magnets, 

located in the places where energy of the beam is constant
• Many of them can be considered to be DC, e.g. time independent
• Typical approach of calculating a beamline transport matrix is to 

consider elements with step-wise constant “coefficients”
• Since energy if the beam is constant, the 6x6 matrix is reduced to 

4x4 matrix, as special solution (4-vector) for particle with deviated 
energy and a slip-factor R56 accounting for dependence of the travel 
time on the particle’s energy.

• We applied  Sylvester formulae, derive during last class. 
• There is only five distinct cases covering any possible DC hard-edge elements, 

or any shot slice of s-dependent magnet parameter (such as magnet edge field)
• Now you should be able to write matrix of any DC element you encounter  in 

accelerator
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