Collective Effects 11: Examples of
Collective Instabilities
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Outline

* Transverse beam breakup instability (BBU) 1n linear
accelerator

— Two particle model
— BNS damping
* Longitudinal Robinson Instability (m=0)
— Macro particle model
— Resonator model for cavity impedance
— Stability condition and growth rate
* Longitudinal microwave instability (optional)

— Dispersion relation
— Cold beam
— Warm beam (Keil-Schnell criteria for stability)
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Single pass BBU (Two particle model)
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Figure 3.3. Sequence of snapshots of a beam undergoing dipole beam breakup instability in a
linac. Values of kgs indicated are modulo 27. The dashed curves indicate the trajectory of the

bunch head.

Leading particles Y, (S) = 9cos(kﬂ5) Ne

NEW, (z) —

Trailing particles Y, (8)"+K,Y,(s) = Y, (s)
2EL ﬁ
Nr,W
= 4re, W (2) §cos(kgs) Ne/?2 Ne/2
X 2yL P . ,
1 e @ 2
*" 4ze, mc? < V4 >

*Note: our definition of the transverse wake function follow G. Stupakov’s note and has a
sign difference from that defined in A. Chao’s book, i.e. W1 here is -W1 in Chao’s book.
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Driving term for particle 2

' Ne
ﬁ’,(x,y,s)ziAﬁl q=—
qe 2

m=1 7,(r'.r.0.5)=W,(s)r'| cos(8)7—sin()8 |

Ap _Wi(s)yie Ne . Transverse momentum change of particle 2 due
g c 2 to wakefield while it goes through the structure
Ay’ = Ap, _cAp, Wi (s)yNe . Transverse angle change of particle 2
p, E 2E due to wakefield
Ay' W (s)y,Ne’ . .
L _ 2gL < Transverse angle changing rate of particle 2 due

to wakefield, driving term
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Single pass BBU (Two particle model)

For a linear inhomogenous 2" order differential equation

d’x +a(t)%+ b(t)x= f (t)

dt* dt

its solution is given by

X(t)=C1¢1(t)+C2¢2(t)+j.¢l(é:)%(t)_% (§)¢1(t) f (f)déf

W($)
Nr W F = si = K,S
Yainn (8) = 47¢, 2rO I_lk(Z) 9jsin(kﬁ3—kﬂ§)cos(kﬂ§)d§ & Sm(kﬁs) # COS( / )
’ Y 12 0
k S) sin(k S)
NI’W 7 Al . s/2 . B 5 W (t) = COS( B %)
= 47, Z;Céﬂ)yz{Ssm(kﬂs)— j/zsm(Zkﬂ/f)dcf} (1) —k,sin(K,S) K, cos(K,s)
e 7 L
4z, NV(2) o (k) T ﬂ
= sin
" 4ylk, y s Y, (8)"+ K2y, (s) = 47z, Nr(’zv;/lL(Z)ycos(kﬂs)
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Single pass BBU (Two particle model)

Ni4 (2) f/Ssin(kﬂS)

Y, (S) = ¢ cos(kys)+c,sin(kys) + 47, 4Lk
s

Noticing that before going through the structure, particle 2 has the same trajectory as that of
Particle 1, i.e. R R
Y,(0)=y,(0)=Ycos(0)=§
y',(0)=y"(0)==9Kk,sin(0)=0

We obtain ¢, =§ and C, =0.Thusthe
solution for particle 2 is

NEY (2)

4kﬂ7/L Ssin ( kﬂs)

y,(s)=Y cos(kﬂs) + 47,

Transvers oftset / initial oftset

y,(s)= YCos(kﬁS)
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Single pass BBU 11

N s
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Figure 4.4: Four transverse beam profiles observed at the end of the SLAC linac
are shown when the beam was carefully injected, and injected with 0.2, 0.5, and
I mm offsets. The beam sizes o, and o, are about 120 ym. (Courtesy John

Seeman, 1991)
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One possible cure: BNS damping

Introduce focusing variation along the bunch, i.e. head and tail have different focusing strength

~

NrW (z k, =k, + Ak
y2"+(kﬂ+Akﬂ)2 y, = 47, — L )9cos(kﬂs) ’ f ’ 3
@, = sin(kﬂs) @ = cos(kﬁs)
NeW (z) ¢ . /- - -
Yaim () = 472, 27/LI2(/, ) y_([sm(kﬂs— 5 ) cos (ky&)dg W(t) =k,
NRW(2) 1] 5 k 2 (- k
= —47E, 27/L|Zﬁ yZL.;Sln{Akﬂ{é:_AlfﬁSDdé:-l_'(').sm((kﬁ_i_kﬂ)[é:_lzﬁ -fkﬁ SDdé’}
~ N W (z) 1| 1 1 ~
=4re, ZyLIZﬂ yE{Akﬂ + Rﬂ Py }[cos(kﬂs) —cos(kﬂs)}

Condition for complete compensation:

NrW (z
47[80 0 1( )
4yLk Ak,

NrW, (2)
4yLk,
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Robinson Instability in Circular Machine

As a charged particle bunch traveling through a cavity, it excites
E&M fields, 1.e. wakefields. To the leading order in the longitudinal
direction, 1.e. m=0, particles in the bunch lose some of their energies
to the cavity, which is on top of the energy they gain from the

acceleration (superposition).

; IS
az, _ —nCS, Phase slip factor: 7=

dn 75 7
27v. )’ eV
ds_m) ,  &V(z)
dn nC E
(272v,) 47e,Nr, &
= >z ————2 > W,'(z,—-nC-2z +kC
Synchronous 77C Zn )4 k;o 0 (zn Zk )
pamcle
n" turn: z —nC N B
A .’ z z is in the range of bunch 47, me”
K" turn: z, — kC : length, i.e. z«C
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Robinson Instability 11

_ 4re nCNr, ZV\/O'(kC—nC+zn—zk)

dn’ 4 =
_ 47&5‘0777/CNr0 Z w, '(kC B nC)
k=—oco

N 47 ,NCNry O

P 3 (2,2 W (C=rC)

The first term in the RHS can be removed by defining

Please notice that k;M'(kC_”C):RéoM'(EC) ,

7e,1CN

2,=2,+" 2 Y W, (ke-nC)
7/(2771/5) k=—co i.e. independent of N k=k-n

d*z . 4menCNr, &, L .
G Hm) 2 =T Y (2,2 2)W (ke -nC)
k=—oco
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Robinson Instability I11

Ansatz (test solution): Z, = Aexp(—inQT,)
7~ n
d Z; "‘(272"/3)2 Z = 47e,CNI, Z (zn — zk)V\IO "(kC—nC)
dn )4 k=—oo
(HQT,)) +(272v,) = A7z 1N, > (1—exp(-i(k—n)QT,) W, "(kC—nC)
/4 k=—oo
0 . _ Causality:
_ 47e,1CNr Z (l—exp(—i kQTO))\No "(kC); W'(AZ>0)=0
k=k-n 7/ k=—co t_s
_ z=Ct-
_ A ICNr, > (1—exp(—ikQT0))V\/O "(kC)
/4 k=—oo
Qz _wsz __ 47[8077Nr()c i (l—eXp(—I kQTO))VVO n(kC), a)s _ 27Z'VS
7T k=—oo Ty
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Robinson Instability IV

We will use the following 1dentity (the Poisson Sum Formula)

oo

1l & =2 27p - i =
> F (IC):E > F(Tj F(2)== [€°F (K)dk F (k)= [e™F(2)dz
= .

| =—o0

dreNNr.c & :
Q- ~——2—2 1- —1kQT, ) )W, "(kC
0, =TS 3 (1 exp (KT, )W (k)

= > . €2 "
¥, 20, —

| k=—oo _

=_47u9077Nr0(:< ZVVO"(ij— 3 G(ZEpj
y1,20.C C C

L p:—oo p:—oo

~
~

_ Are NI,

27/-|-02a)s p:z_:oo{ pa)ozo,// ( P, ) _( P@, + a)s) Z0,// ( P, + &y )}
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Der1ving first term 1n bracket

© —i@z
): e ¢ W, "(z)dz
;.’ _j27p, d
= e c —W' Z dZ
e Swoz)
Td| P K d -iZZP;
:_ME{e c W, (z)}dz—__[ovvo (Z)Ee ¢ dz
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2o, 1 o
=i 222 [w,(2)e " © dz vvo'(z)—g °Z,, (w)dw
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Robinson Instability IV

We will use the following 1dentity (the Poisson Sum Formula)

> 27p o i =
2 F(ic =Y F( C j (2= L [ (dk F (k)= [eF (2)ae
— C o= - B
Q—a)s z_4-77/'8()77'\"-00 i (l_exp(_leTO))VVO n(kC)
}/T 20 K=—oo
4 Nr c
N :76/:?-270)3 p—Z—m{ P@,Z,,, ( P, ) ( P&, + @, ) 0.// ( R, + & )}
ﬁ Re[ZO) (P, )] is an even function of p.
) dre NN, &
e =im(@) =72 3 (o) Re(Z,, (bt + )
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Impedance Model for Fundamental mode of a Cavity
R

1 1

>

Z0,// RS a)L

For RF cavity,w; / Q<< @), , and

hence only the two term in the
summation over p matters, i.€.

Zy/Rg

1+iq[fz§_5j

I+
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Robinson Instability V

e =3I (1 1 0)Re[Z,, (ho, +0,) |+ (~ha, +0,)Re[ 2, , (ha, ~a,) ]}

27T
4e,nNr,ha, R
= Re| Z,, (hw,+@,) |[-Re| Z,,, (hw, — @ Z,, =
27/T020)S { [ o,//( 0 s):l [ o,//( 0 s):|} D : 1+iQ(wR—a’J
W e RS
For o, and Aw<<—- << @,, the growth rate is
(a) N (b) s 2Q
ANr 2
“R “R 1 = dre, 2 R \o
zyT,h
Re Zj (0) Re Z (o) Aw= o, —ha,
|
|
| | Re[Z,, (ho,+@,)]-Re[Z,, (ho,-@)]
I | 2
| | I | =16 QR DA
| | > ® | | > ® hza)oz s
J hog '- J hog ].
ho, - o4 ho, + ©g hog — wg ho, + g

Figure 4.4. lllustration of the Robinson stability criterion. The rf fundamental mode is detuned
so that wg is (a) slightly below hwy and (b) slightly above hwg. (a) is Robinson damped above
transition and antidamped below transition. (b) is antidamped above transition and damped
below transition.
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Derivation of the subtraction of impedance

Re[ZO,// (ha, +a)s)] = Re-

Z0,// =

R

lJriQ(h

Wr

1+4Q2[

:RS[1—4Q2

Re[ZOJ/ (ha, +a)s)]—Re[ZO,// (ha, —a)s)] =16

(

(Aw-w,)

2
ha, j
Aa)—a)s)zJ

h’w,’

1+iQ(

h"w,
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Longitudinal Microwave Instability

Unperturbed phase space density:

N N
WO(Z,AE)=WO(AE)=C—f0(AE) po(z):pO:C—
0 0
DC current does not excite wake
Bo
© Erf
V//(ZO)ZJ‘/l(ZI)W//(ZI—ZO)dZI [
Z \ W
i} /
= pojWo' (21 - Zo)dzl ==pW,(0)=0
Z,
Consider perturbation in phase
space density: n-th azimuthal mode
. inz/R AE . AE
v, (Z,AE,O) =V, (AE)E‘ ¥ Random noise Sinusoidal perturbation

Ansatz: y,(z AE,t) =1, (AE) ™"

*Note that if a perturbation is static,

v, *(z AE,t) =, *(AE)e" R =y *(AE) ™™ = Q" = nv, / R=n22av, /C = no,
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Longitudinal Microwave Instability

*Phase slip 1 1

_id,Z,(Q) j f '(AE) n=—-

1 dAE factor: 2 2
T, Q-w(AE)n e 7

—00

*Imaginary part of Q tell
Ap, =, — nw, AE us whether the system is

Po.z g E stable
v, (Z,AE,'[) = ;ﬁl (AE)eiﬂZ/R—iQt

w(AE)=w,+Aw(AE)= o, - no,

Cold Beam: f (AE) = 5(AE)

' °° AE

lzlelo%r//(g) gn;);) J‘ fo( ) \2dAE
o ‘“Lg—na)0+’7”“’g AE
=
lel nnZ,, (2 lel .nnZ, (nw
— Q:na)oira)o\/ 12 ( )zna)oi(l)o\/ o ”(2 )
275,07 4 27k, [
. _|Q-naw,
Perturbative approach assuming <<
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Longitudinal Microwave Instabilities

Cold beam continued:
(assuming 77>0)

. inductive

_ Af/Im(—’i) Working point B
2.5? U=0 U=-0.25
1 U Elm[ 2
15 | p(()()
h U=05
05 %
°*’\// U=-0.75

0.5 4

-1 4

Working point A
capacitive

U=-1
A E(E)
'e f/R p

|

iel ,7nZ,, (N, )
27E [

Q=nw,x o,

For cold beam, the only case for stable
beam is the machine impedance is pure
inductive, i.e. Im(Z,)<0, for 7> (Qand
capacitive, i.e.Im(Z,)>0 forn<O0 .

Taken from ‘Accelerator Physics’ by S.. Lee

Without insertion With insertion

[
T

Aroitrary Units

Tirna in ns Time in ns

Figure 3.36: The longitudinal beam profiles observed at PSR the bunched coasting beam
in the presence of inductive inserts, where three 1-m long ferrite ring cavities were installed
in the PSR ring. [Courtesy of R. Macek, LANL]

PHY 554 Fall 2023 Lecture 20



Longitudinal Microwave Instabilities

1 [ AE?) Dispersion relation for
: f (AE)= —
Warm Beam o(AF) NpY 7o eXp( 20,§J warm beam

/

_ﬁexp(_ AEzj
|_ldZ, (nw,) 1 T o 207 IAE ely| Z, (ne,)/n|E,B* 5()
T, V2ot . Q-w(AE)n 2 2rno:
21n(2) | €l,| Z,(n@,)/n|E L’ -
i I;( ){ o[ //77(0_20) :| o }‘JG (Q) —xexp(—)
E,FWHM \/7J‘ 2 dx
(5
U'—iV eIO[Z//(na)O)/n} EO,BZ U'- Re(Z// (na)o)) 77”(0 O
—iV'= -
T& o Vi~ —Im(Z// (nwo)) QzRe(Q)+Im(Q)EQ—wOn
o —ir * The dispersion relation is solved by numerical
U=iV'= 21n(2)J (ReQ+iImfl) plotting the contours for various ImQ in the
¢ complex impedance plane.

w,(ZAE,t) =y, (AE)e™
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Longitudinal Microwave instability

Contours with Im(é)zo for

Gaussian with various various energy distribution

growthl Ir.atelr,l Im(Q) Simplified estimation for

100 ey T T 108 frr - .
SN Lo stability condition:
) . :
75 ,—"‘ 0 1 '. :' f—, " - Keil-Schnell criterion
Fo ! : || | |
Fo 'I L1t bt 27.[| |O-2
]
o Vi) 50 - - ‘Z(na))/n|sL
r ! [ Ly i i . /" 0 Eﬁzel
V! i 1.'1'1 L : !, i) ;J IF ] i i :/ 0 0
25 |— y i I| Il :;jj;"r?""\l\‘\‘l, *JI :f ! - a5 — i . . .
S N SR : F depends on distributiion
: 'ﬁ".l,.k'l- | : ”f“ ITFEE : .
00 [ NN 0o [- and for Gaussian energy
: = _ distribution, it is 1.
_zls_l.IJ!JIJIIII-I-l_i_l-IIIIIIII|IJI]_ -25 L_|_|J_|_|_|_|_[1|1|I||||||||||;J.|.l_
-8 -4 -2 Q 2 4 B -8 -4 -2 0 = 4 ]
U U

Figure 3.34: Left: The solid line shows the parameters V' vs U’ for a Gaussian beam
distribution at a zero growth rate. Dashed lines inside the threshold curve are stable. They

correspond to —ImQ/{(v2 In2wyno;) = —-0.1,-0.2,-0.3,-0.4, and —0.5. Dashed lines
outside the threshold curve have growth rates —ImQ/(v2 In2wyne;) = 0.1,0.2,0.3,0.4,

and 0.5 respectively. Right: The threshold V' vs U’ parameters for various beam distribu-
tions.

from inside ou-tward, for the normalized distribution functions To(z) = 3:(1 - 32}/4;
8(1 — x?)*2 /3, 15(1 — 2%)?/16, 315(1 — 2?)*/32, and (1/v/27) exp(—22/2). All dis-
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Typical Longitudinal Impedance

Z
//)

j — _| Taken from ‘Coasting beam longitudinal coherent Z/RW . R 1
instabilities’ by J.L. Laclare | /p  obdy P
. L
Re (7)), Pure Resistance Re (<X 2 ) _;;i d > &, thin wall
Z/ w)=R &m Resistive wall d < d,, thick wall
i - impedance
® \ ® o \
Z/IRW _ R ©0 ZoBo%0 1
j = () RS0 = e SO0 L
Z
-Im(Z,), Pure Indu(?tance 7Im( _ﬁ) _ﬂ
Z,(®) =jLo ® A p
- Space charge
s - negative inductance
—_ | — = / Zf'/SC(w) 208 where p stands for -©-
250?% ®
p :
Iz ure Capac“;mce Z, Resonator model
—im(Z,), ZAw)=—L FIm) Zy. (cavities
AO) == - ® Zy Re2t) )

/ P
JJK . Zj| = . Rs
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Many pictures and derivations used 1n the slides
are taken from the following references:

1] *‘Accelerator Physics’ by S.Y. Lee;

2] ‘Physics of Collective Beam Instabilities in
High Energy Accelerators’ by A. Chao;

[3] ‘Coasting beam longitudinal coherent
instabilities’ by J.L. Laclare
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What we learned today

In linear accelerator, single bunch transverse beam break up instability can
develop if the bunches are not carefully injected and machine transverse wake
function / impedance is large. Such an instability can be compensated by
introducing focusing variation along the bunch, i.e. BNS damping.

In circular machine, the leading order (m=0) longitudinal wakefield in the cavity
can cause Robinson instability. The cavity resonant frequency should be detuned
away from exact harmonics of the revolution frequency to avoid such instability:
above transition, the resonant frequency should be slightly below he, ; and below
transition the resonant frequency should be slightly above ha, .

(optional) We also showed the dispersion relation for longitudinal microwave
instability in a coasting beam. For cold beam, the beam 1s always unstable unless
the impedances 1s pure inductive above transition or pure capacitive below
transition. For warm beam, Landau damping make beam stable if the beam energy
spread is sufficiently large. The stability condition can be estimated from Keil-
Schnell criteria.
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Backup Slhides
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Longitudinal Microwave Instability

But the system is not likely to be static and we need to solve Vlasov equation self-
consistently to know the answer for Q and hence v,(SAE,t)

dAE 9

0 dz o
— AEt)+— — AEt)+ AE)=0
dz
where g

dAE(zt) _ cAp,(zt)

And ddA—tE is obtained by calculating the longitudinal wake potential % - T

o0

CApZ(Z,t) = _eQeV//(Z»t) = _ezvo j P (Z,tl)W//(t _tl)dtl = _ezvo_[pl (Zat - T)W//(T)dT

0

plvodt gives particle number in the slice (t,t+dt).
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Longitudinal Microwave Instability

dAE(zt) _ cAp,(zt) _

Hence, we obtain =
dt T,

e’V |
_T_J‘pl(z’t N T)W//(T)df
00

where T - S s the revolution period. Using the test solution
V, .
0 Wl (Z,AE,t) _ ‘&1 (AE)emz/R—lfzt

and the following relations
[

W, (T) = E J. Z, (w)e_imda)
p(20)= [ W, (2AE)dAE = p™™ ™ Py = | §(AE)dAE

we can write the energy kick in term of longitudinal impedance

dAE(Zat)__" eV InZ/R_IQtdez// jeQ wTdT——,bleV

dt_pZT T,

|nz/R—|QtZ (Q) (2)
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Longitudinal Microwave Instability

Inserting eq. (1) and (2) into Vlasov equation, we obtain

2
P eVO inz/R—iQt a

. In
_|QW1(Z>AE’t)+V(AE)'EW1(ZaAE>t)_p1 € Z//<Q)'8A_EW0(AE):O

0

, Which can be rewritten as

) ~ inz/R-iQt AE
v, (2 AE,t) = ev,Z,(Q) pe dy, (AE) o(AE)= V(AE)
T, Q—a)(AE)n dAE R
Integrating above equation over energy, i.e. _[ dAE — , yields
Dispersion relation:
N
. ©0 ' AE - f AE
2 Q)] _GE) g | T b
T, < Q-w(AE)n [, = N/ Ty
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