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We continue discussing development of accelerators and learning “accelerator slang” 
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To =
C
v
= hRF ⋅TRF =

hRF
fRF

Changing the RF frequency is mostly required in hadron synchrotrons, where particles do not reach 
relativistic velocities till very high energies. For example AGS (Alternating Gradient Synchrotron) 
accelerates protons from kinetic energy of 0.2 GeV to 28 GeV – this requires a nearly two-fold 
change of the RF frequency. You would learn later in the course that this is not a trivial but doable.   
Slightly different story is for electrons – it is relatively easy to accelerate electrons to tens of MeV 
before injecting them into a synchrotron. Usually then the available aperture of the vacuum chamber 
is sufficient to accommodate a slight variation of the electrons velocity. This answers the first 
requirements – what about second? 
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But what about longitudinal motion, i.e. a particle slightly out of synchronism or slight off-
energy? Would they survive or disappear? Veksler discovered the phase (auto-focusing) stability in 
circular accelerators by introducing the time of flight dependence of the particles energy (frequently 
called a slip-factor): 
 

η =
d lnTo
d lnE

=
d lnC
d lnE

−
d lnv
d lnE        (2.12) 

 
 

Veksler discovered that proper choice of accelerating (see fig. 2.18) provides for stability of 
longitudinal (phase – means RF phase) motion. It means that a particle with a phase or energy 
deviation will execute stable oscillations, which are called synchrotron oscillations. 

E > Eo 
Ideal, E = Eo 
E <Eo 
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To =
C
v
= hRF ⋅TRF =

hRF
fRF



Weak (transverse) focusing, plane orbit symmetry 
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To solve this problem let’s expand the equations of motion near the ideal closed orbit: 
 !r = r̂ ⋅ ρ + x( )+ ŷ ⋅ y;ρ = pc

eBo
; Bo = By x = 0, y = 0( ) = const;

!
B !r( ) ≅ ŷ Bo + r̂

∂Bx

∂x
x + ∂Bx

∂y
y

⎛

⎝
⎜

⎞

⎠
⎟+ ŷ

∂By

∂x
x +

∂By

∂y
y

⎛

⎝
⎜

⎞

⎠
⎟;

Because of the symmetry                          and                   ∂By

∂y
= ∂Bx

∂x
= 0;

 
curl
!
B = 0⇒G =

∂By

∂x
= ∂Bx

∂y

!
B !r( ) ≅ ŷ Bo +G r̂y+ ŷx( )+O x2, y2( ); x , y << ρ
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!v = d

dt
r̂ ⋅ ρo + x( )+ ŷ ⋅ y( ) = dr̂dt ⋅ ρ + x( )+ r̂ dx

dt
+ ŷ ⋅ dy

dt
;

dr̂
dt
=ωϕ̂; dϕ̂

dt
= −ωr̂;        d

2r̂
dt2

= −ω 2r̂
!vo = ϕ̂ ⋅ωρ;

!v = ϕ̂ ⋅ω ρ + x( )+ r̂!x + ŷ ⋅ !y
d "v
dt

=
d 2r̂
d 2t

⋅ ρo + x( )+ dr̂
dt
dx
dt
+ r̂ d

2x
dt2

+ ŷ ⋅ d
2y
dt2

d !v
dt

= r̂ d 2x
dt2

−ω 2 ⋅ ρo + x( )
⎧
⎨
⎩

⎫
⎬
⎭
+ ŷ ⋅ d

2y
dt2

+ωϕ̂ !x

Since energy is constant in magnetic field 

d!p
dt
= γm d !v

dt
=
e
c
!v×
!
B⎡⎣ ⎤⎦≅

e
c

ϕ̂ ⋅ω ρo + x( )+ r̂!x + ŷ ⋅ !y{ }× ŷ Bo +G r̂y+ ŷx( ){ }⎡⎣ ⎤⎦

=
e
c
−r̂Boω ρo + x( )+ωρoG ŷ ⋅ y− r̂x( )+ ϕ̂Bo !x +Ο ε 2( )⎡
⎣

⎤
⎦

d !v
dt

= r̂ d 2x
dt2

−ω 2 ⋅ ρo + x( )
⎧
⎨
⎩

⎫
⎬
⎭
+ ŷ ⋅ d

2y
dt2

+ωϕ̂ !x = e
γmc

−r̂Boω ρo + x( )+ωρoG ŷ ⋅ y− r̂x( )+ ϕ̂Bo !x⎡⎣ ⎤⎦

d 2x
dt2

−ω 2 ⋅ ρo + x( ) = −ω eBo
γmc

ρo + x( )+ eG
γmc

ρox
⎡

⎣
⎢

⎤

⎦
⎥+Ο ε 2( )

d 2y
dt2

= −ωρo
eG
γmc

y+Ο ε 2( )

x 

y 

φ 
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d 2x
dt2

−ω 2 ⋅ ρo + x( ) = −ω eBo
γmc

ρo + x( )+ eG
γmc

ρox
⎡

⎣
⎢

⎤

⎦
⎥+Ο ε 2( )

d 2y
dt2

=ωρo
eG
γmc

y+Ο ε 2( )

y 

φ 

dl = vodt =ωdt ρo + x( )⇒ω =
vo

ρo + x( )
≅
vo
ρo
1− x

ρo

⎛

⎝
⎜

⎞

⎠
⎟

ωo =
vo
ρo

=
eBo
γmc

⇒ ρo =
poc
eBo

d 2x
dt2

+ωo
2 1− n( ) ⋅ x ≅ 0;      d

2y
dt2

+ nωo
2 = 0;  n = −Gρo

Bo
.

Stability :    0 < n <1;

x = ax cos ν xωot +ϕ x( );   y = ay cos ν yωot +ϕ y( );    ν x = 1− n;ν y = n;

!x =ν xωoax sin ν xωot +ϕ x( );    !y = −ν yωoay sin ν yωot +ϕ y( );   
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y 

φ 

Stability :    0 < n <1;

x = ax cos ν xωot +ϕ x( );   y = ay cos ν yωot +ϕ y( );    ν x = 1− n;ν y = n;

!x =ν xωoax sin ν xωot +ϕ x( );    !y = −ν yωoay sin ν yωot +ϕ y( );   

Invariants :εx =
1

γmc
dxdpx;εx =

1
γmc

dydpy!∫!∫ ;  length along trajectory s =ωot;

x = βxεx cos
s
βx

+ϕ x

⎛

⎝
⎜

⎞

⎠
⎟;   y = βyεy cos

s
βy

+ϕ y

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟;    

dx
ds

= ʹx = − εx
βx

sin s
βx

+ϕ x

⎛

⎝
⎜

⎞

⎠
⎟;   

dy
ds

= ʹy = −
εy
βy

sin s
βy

+ϕ y

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟;  

βx =
ρo
1− n

> ρo;βy =
ρo
n
> ρo;
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Fig. 2.17. Typical quadrupole magnet. 

 
Physicist new about quadrupoles – magnets, which because of the Maxwell equations focused in one 
direction and defocus in the other: 
 

curl
!
B = ẑ ∂Bx

∂y
−
∂By

∂x
⎛

⎝
⎜

⎞

⎠
⎟= 0⇒ Bx =G ⋅ x;By =G ⋅ x

!
F = e

c
!v×
!
B⎡⎣ ⎤⎦; 
!v=ẑv⇒

!
F = eG

c
x̂ ⋅ x − ŷ ⋅ y( )

   (2.13) 

 
depending on the sigh of the gradient, G.  
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HW 1 problem 3 
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pp
µ = Ep / c, pp ,0,0{ } pe

µ = Ee / c,− pe,0,0{ }

First let’s find the c.m. energy using 4-momenta of both particles  

pe
µ = Ee / c,− pe,0,0{ }; ppµ = Ep / c, pp ,0,0{ };

pc
µ =

Ep + Ee

c
, pp − pe,0,0

⎧
⎨
⎩

⎫
⎬
⎭
; Ecm

2

c2
= pc

µ pc
µ =

Ep + Ee

c
⎛
⎝⎜

⎞
⎠⎟

2

− pp − pe( )2 ;
Ecm

2 = Ep + Ee( )2 − ppc − pec( )2 = Ep
2 − ppc( )2 + Ee

2 − pec( )2 + 2 EpEe + pp pec
2( )

Ep
2 − ppc( )2 = mpc

2( )2 ; Ee
2 − pec( )2 = mec

2( )2 ;
Ecm

2 = mp
2c4 +me

2c4 + 2EpEe 1+ β pβe( );
Ecm = mp

2c4 +me
2c4 + 2EpEe 1+ β pβe( )



HW 1 problem 3 cont. 
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pp
µ = Ep / c, pp ,0,0{ } pe

µ = Ee / c,− pe,0,0{ }
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HW 1 problem 1 cont. 
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HW 1 problem 1 cont. 
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HW 1 problem 1 cont. 
Now we can set antiparticle on the reverse trajectory: 

 
!rap t( ) = !ro to − t( )  

where to  is an arbitrary constant and check that its identical to equation of the particle (I): 
d 2!ro to − t( )

dt2
==

−e
γmc

d!ro to − t( )
dt

×
!
B !ro to − t( )( )

⎡

⎣
⎢

⎤

⎦
⎥;τ = to − t;dt = −dτ

d 2!ro τ( )
dτ 2

==
e

γmc
d!ro τ( )
dτ

×
!
B !ro τ( )( )

⎡

⎣
⎢

⎤

⎦
⎥

   (II) 

 
In short, the changing signs of the particle charge and velocity does not change the value 
and the direction of the force and trajectory bends the same way. 
 

(a) 1 point: Can be the same trick used to circulate and collide two proton beams? 
 
No, the sign of the force changes for proton propagating in the opposite direction. It 
means that its trajectory will bend in opposite direction: dipole separator. Surprisingly, 
electric field would do the trick, but it is not useful for high energies: 10 T filed 
corresponds to electric field of 3,000 MV/m! 
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