
PHY554: Solution of Homework 2

September 27, 2023

HW 1 Answer:
In general: (

x (s2)
x′ (s2)

)
=M (s2, s1)

(
x (s1)
x′ (s1)

)
Where the transfer matrix :

M (s2, s1) =

( √
β2 0

− α2√
β2

1√
β2

)(
cosµ sinµ
− sinµ cosµ

)( 1√
β1

0

− α1√
β1

√
β1

)

Therefore, we can express x (s2) as:

x (s2) =

√
β2
β1

(cosµ+ α1 sinµ) · x (s1) +
√
β1β2 sinµ · x′ (s1)

Since now we added a kick θ at s1:

x (s2) + ∆x2 =

√
β2
β1

(cosµ+ α1 sinµ) · x (s1) +
√
β1β2 sinµ · (x′ (s1) + θ)
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Therefore

∆x2 = θ
√
β1β2 sinµ

HW 2 Answer:
Maximum betatron functions are located at center of QFs, so a FODO cell is
arranged as:

M =

(
1 0

− 1
2f 1

)(
1 L1

0 1

)(
1 0
1
f 1

)(
1 L1

0 1

)(
1 0

− 1
2f 1

)

=

 1− L2
1

2f2 2L1

(
1 + L1

2f

)
− L1

2f2

(
1− L1

2f

)
1− L2

1

2f2


Since M can also be written as:

M =

(
cosΦ + α sinΦ β sinΦ

−γ sinΦ cosΦ− α sinΦ

)
we can solve that:

cosΦ =
1

2
Tr (M)

= 1− L2
1

2f2

Also

cosΦ = 1− 2 sin2
Φ

2

sin
Φ

2
=
L1

2f

2



Therefore

α = 0

β =
2L1

(
1 + sin Φ

2

)
sinΦ

In our question, number of FODO cells is nFODO = 20, circumference is
L = 200m, so L1 = L/nFODO/2 = 5m. The betatron tunes are Qx = 5;Qy =
4.8, so the phase advance for each FODO cell should be

Φx =
2πQx

nFODO

=
π

2

Φy =
2πQy

nFODO

=
12π

25

Therefore

βx,max =
2L1

(
1 + sin Φx

2

)
sinΦx

= 17.07m

βy,max =
2L1

(
1 + sin

Φy

2

)
sinΦy

= 16.88m

Similarly, minimum betatron functions are located at center of DFs, so a
FODO cell is arranged as:

M =

(
1 0
1
2f 1

)(
1 L1

0 1

)(
1 0
− 1

f 1

)(
1 L1

0 1

)(
1 0
1
2f 1

)

=

 1− L2
1

2f2 2L1

(
1− L1

2f

)
− L1

2f2

(
1 + L1

2f

)
1− L2

1

2f2


Therefore

βx,min =
2L1

(
1− sin Φx

2

)
sinΦx

= 2.93m

βy,min =
2L1

(
1− sin

Φy

2

)
sinΦy

= 3.16m
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Now we have the maximum of betatron functions and RMS beam emittance,
we can calculate the RMS beam size

σx =
√
εβx,max

=
√
2e− 6× 17.07

= 5.84mm

σy =
√
εβy,max

=
√
2e− 6× 16.88

= 5.81mm

As we know, in a 1D normal distribution, integral of density function from −8σ
to 8σ will be more than 99%. So if we take 8 × max(σx;σy) as the chamber
radius, the vacuum chamber will be large enough to house such beam. So
the vacuum chamber size should be at least 46.75mm in radius or 93.49mm in
diameter.

HW 3 Answer:
Each bump is considered as a delta angle kick along the in the ring. It’s effect
is described by the Greens function G(s, s0 = si) and the kick angle θi:
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G(s, s0) =

√
β (s)β (s0)

2 sinπν
cos (ψ (s)− ψ (s0)− πν)

Therefore we have:

xco (s) ∝
3∑

i=1

β1/2 (si) θi cos (ψ (s)− ψ (si)− πν)

We demand that xco
(
s−1
)
= x

(
s+3
)
= 0.

3∑
i=1

β
1/2
i θi cos (ψ (s1 + C)− ψ (si) + πν) = 0

3∑
i=1

β
1/2
i θi cos (ψ (s3)− ψ (si)− πν) = 0

√
β1θ1 cos (πν) +

√
β2θ2 cos (−ψ21 + πν) +

√
β3θ3 cos (−ψ31 + πν) = 0√

β1θ1 cos (ψ31 − πν) +
√
β2θ2 cos (ψ32 − πν) +

√
β3θ3 cos (πν) = 0

We know that

det

(
cos (−ψ21 + πν) cos (−ψ31 + πν)
cos (ψ32 − πν) cos (πν)

)
= cos (πν) cos (ψ32 − ψ31 + πν)

− cos (−ψ32 + πν) cos (−ψ31 + πν)

=
1

2
[cos (2πν + ψ32 − ψ31)− cos (2πν − ψ32 − ψ31)]

= − sin (2πν − ψ31) sin (ψ32)

Then we can get:

( √
β2θ2√
β3θ3

)
=

√
β1θ1

sin (2πν − ψ31) sin (ψ32)

(
cos (πν) − cos (−ψ31 + πν)

− cos (ψ32 − πν) cos (−ψ21 + πν)

)(
cos (πν)

cos (ψ31 − πν)

)
=

√
β1θ1

sin (2πν − ψ31) sin (ψ32)

(
cos2 (πν)− cos2 (−ψ31 + πν)

− cos (πν) cos (ψ32 − πν) + cos (−ψ21 + πν) cos (ψ31 − πν)

)
=

√
β1θ1

sin (2πν − ψ31) sin (ψ32)

(
cos (2πν) /2− cos (−2ψ31 + 2πν) /2

− cos (2πν − ψ32) /2 + cos (2πν − ψ21 − ψ31) /2

)
=

√
β1θ1

sin (2πν − ψ31) sin (ψ32)

(
− sinψ31 sin (2πν − ψ31)
sinψ21 sin (2πν − ψ31)

)
=

√
β1θ1

sin (ψ32)

(
− sinψ31

sinψ21

)
When ψ31 = nπ, we find θ2 = 0, i.e. only two steering dipoles are needed
for a local bump. Since ψ32 = ψ31 − ψ21 = nπ − ψ21, we have sinψ32 =
(−1)

n−1
sinψ31, and θ3 = (−1)

n−1
√
β1/β2θ1.
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