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Today we will focus our attention other important elements for accelerating particles — RF cavities
and linear accelerators. These devices are no longer have time independent fields — instead, they
generate oscillating EM field and need proper set of Maxwell equations. There is a lot of literature
related to these important devices, but today we will focus on EM field structure important for this
course, leaving a lot on the side: https://sites.google.com/view/srfsbu2023/home
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Accelerating cavity
’ It accelerates particles with high
Beam is sent to synchrotron frequency by applying an electric
accelerator from the pre-accelerator field at the right timing of the
(Tandem or Linac, etc.). particles passing through.
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Beam is sent to the
beam utilizing course
/ after acceleration.

Charged particles travel
around the track in a fixed
orbit by electromagnet.



Linear accelerators: from electrostatic to RF
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Can one gain the energy again and again by passing
through a DC accelerating gap?

Electrostatics: what 1s the limit ?

Maxwell equations and energy conservation law!

AE=eg§E-di=—§%( @@

E--Vp — E(F)=E(0)-ep(F)

Can not cheat the Maxwell equations



Induction linacs: linear betatrons

» Useful for high power and high current beams
* Have limited accelerating field
* By nature are pulsed, with relatedly low rep-rate (kHz)



How RF accelerator works

It has oscillating (typically sinusoidal in time)
longitudinal (along the particle’s trajectory)

eclectic field —I_ITII_I——I_I 1 1

It also has longitudinal structure (cells) which

alternates the direction of the filed 3
When particle propagates through the RF 2 lenac
accelerator, the field direction in each cell is

synchronized with the particle arrival and the
effect from all cells is added coherently

CZ_E =eE-v — sign(fl * V)=const
[

Widerdoe’s linac: f=v/c 1s changing Electron linac
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Normalized field
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Wave-form 1n 5-cell cavity




How (=1 RF linac works?

Example of 5-cell cavity
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How p=1 RF accelerator works?
In pictures
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In pictures




Simple things to remember

* Acceleration in DC electrostatic 1s limited to the
difference in terminal potential (e.g. voltage
between the ground and the cathode)

* RF linear accelerators (RF linacs or simply
linacs) are not limited in beam energy

e In RF linacs, the coherent addition/subtraction of
the energy gain from cell to cell happens by
design: period of the electric field oscillation 1s
matched to the travel time of electron between
the cells.

* Accurate synchronization of RF linac 1s
important task for any linear accelerator
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A bit of EM and conducting media

j=0E;

A= Re{ﬁ(?)exp(ia)t)};go =0;

1 0A

E= e B = curlA.

c ot

N\

* Assuming oscillating field we can use Coulomb gauge for EM field

Hn=0
4Ht=0

s
=1/
oo

AN\




Boundary conditions

* We are considering oscillating EM fields in RF structures

* RF structures are built from highly conducting material, both
to contain EM filed inside and to provide low losses

* In first approximation we can consider an ideal boundary
conditions and take finite conductivity as a perturbation later

* Q-factor: Qyom temp ~10%-10°, Qgrp ~10°-101°

Ideal Conductor Ideal Conductor

A= Re{ﬁ(?)exp(ia}t — Oct)}; En=0}

Ht=0

2@
o=——o

Q

Et=0 I
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TE and TM waves

Rectangular Circular
, * There 1s stmplification
/ — The modes are divided into
b[ | two types: TE (transverse
A electric) and TM (transverse
| 5 | magnetic)

Last two equations indicated that E,
and B, fully determine transverse
component of the EM field

It means that we can always consider a
linear combination of the fields with
E. = 0 everywhere (TE) and B, = 0

VxE=ik B; VxB
lkE + ik [sz ]

iszL — ik, I:Z X El:l = VLBZ; everywhere (TM)
« Naturally, when we interested in
Atthe surfaces accelerating particles, we will need
OB TM mode with £, # 0.
0 4 =0
an s _ k _
B, = ik_Z[EXEL:I for both TE and TM modes

TM :B,=0; E| =0;

™: E, =V ,y,(7.): TE: B, =V, w, (7);
TE®E,=0; B| =0;



Cut-off frequency

Rectangular Circular

. EM field is a linear combination of modes with E, = (0
Z / everywhere (TE) and B, = 0 everywhere (TM)
. n— At the surfaces
— . _ 0B
- | ixE| =0:-B=0—E[ =0; 5 =0
a s
. ko, =
B, =+ 2x E, | for both TE and TM modes T™ : B,
= ~ - = ~ TE:E =0; B| =0;

TM: El=Vll//1(rl); TE: Bl=vly/2(rl); z zls

0
o N ™ :y| =0; TE: 24 =o.
Viy+ (ko —k; )l// =0 + boundary conditions ’ on |,
72 2
Different boundary conditions for TE and TM modes Vﬂ///l TV VL= 0;
In general case we need to find eigen function (modes) 1=1.2.3
Cut-oft kzz’/1 = k02 - }/i >0 Below cut-off O < Wy opy
. . 2 2 .
frequency Kpin =Y = O =Y evanescent wave: g =+ \/w oy — @ = ik,
Exp decay ey

- Y=y,e



Cut-off frequency

Rectangular Circular ’
Different boundary conditions "
Z/ for TE and TM modes
S d
b[ ™ :w| =0; TE: i 4 0.
m | s onl,
a
9 0
Fo— o
Y ror\  or

TE:y'™ =y cosk, xcosk x; m+n21,

™ w™ =y sink xsinkx; m>1;n>1;

m n
km=7t_,kn=7t_, mn=km2+kn2‘ ¢mn
a b
Lowes cut-off frequency
Rectangular Circular
ic
TE:a>bim=1n=0; @ a’ ™ :J, (7’01R) =0—=7, = R s O yrofp = R ;
2 , 1.84118.... 1.84 ¢
™ : m=Ln=1 @, ;= € 1+ & TE :J|(y,,R)=0—>7y, = T W 2
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Modes 1n rectangular waveguide
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RF cavities

are designed to confine the EM field inside: It means that they operate at
frequency below cut-off of the beam-pipes attached to them

»><«—Beam tube

Magnetic field

waveguide circulator waveguide

input coupler

superconducting cavity

E ; Symmetry axis v

» w Electric field RF power source

X ® ~
Iris m Iris
QK & =
Magnetic field X
h____h

~ Equator



RF cavities come 1n many shapes, forms
and sizes
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What these mean?

0.11 Vipc

K (HOM only) = 0.34Yipc 89 Qicell

R/Q (fundamental) = 265 Qicell 5
Qext(fund.)= 3x 10
R83mm

Copper Storage Superconducting
B-Factory Cell
Shape




RF Cavity Modes:

the lowest accelerating 1s TM,,;, mode

Fields in the cavity are solutions of the equation 1 82 {E}

Subject to the boundary conditions AxE=0, Ai-H=0 | YV ~ o Nul™
Two extra surfaces (z=0 and z=d): but this is no problem for TM mode

An infinite number of solutions (eigen modes) belong to two families of modes with different field
structure and eigen frequencies: TE modes have only transverse electric fields, TM modes have only
transverse magnetic fields.

One needs longitudinal electric field for acceleration, hence the lowest frequency TMg;9 mode 1s used.
For the pillbox cavity w/o beam tubes
Note that frequency does not depend of the cavity length! But only its radius.

B
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Fundamental and high order modes (HOMs)
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Acceleration inside RF cavity

Let’s consider a cavity terminated by a vacuum pipe for particles to pass

Let’s also consider a charge particle passing on the axis of the cavity the cavity
with constant velocity (e.g. either particle is ultra relativistic, or velocity change is
very small)

* Electric field on the axis depending both on z and time

E,(z,t)=E,(z)cos(w,t +@)

* Specific form of E£,(z) depends on the cavity design
* Energy change of the particle with charge g passing through the cavity is:

E, AE = q}E0 (z)cos(w,t +@)dz

wat

- % = AE = q:{;Eo (z)cos(a)o§+qa)dz

AE =qV,, cos(<p + (po)

| <

Vir =V + V. tan(g,) = — VC=le (z)cos( )dz V. = fE sm(woi)dz
S v

<

v

N



How 1t 1s done

A"

cos[a)0 —+ q)] = cos((o)cos[a)o %) — sin((p)sin(a)o Ej

\% \%
o | ,
AE = qcos jE cos[ )dz qsm((p) IEo(z)cos sm(wo ;]dz
V.= IE cos(a)o E)a’z; V = ]:Eo (z)sin(a)o E)a’z
\%
Ve =V +V? ;tan(goo) = %;

AE=qV,, cos(g0+g00)

t= —AE qJ-E cos(a)t+(p dz qIE cos[ 0%+¢]dz

For particle moving with constant velocity all cavities
are described by accelerating voltage and phase!
Nothing else



Now let’s consider a pillbox cavity where £, field is constant and extends from —
d/2 to +d/2 with a small diameter vacuum pipes attached to it — the later required
for particles to get through. With frequency of the RF cavity bellow the cut-off
frequency of the vacuum piper, the RF field decays very fast in the pipe.

AE = qVip - cOs@,; @, = wt

- () E0,|z|sd/2
ot 7V 0lgl>dr2

E,




Accelerating voltage & transit time

' = Assuming charged particles moving along the cavity axis, one
can calculate accelerating voltage as

IEZ (p= O,Z)eiwo 7 Be g

—Q0

| . -

For the pillbox cavity one can integrate this analytically:

. (a)od)
Sin 2—ﬁc
=E0dw—0d=E0d'T

2Bc

d
I etcoo z/Bc dZ

0

V.=E,

where 7 1s the transit time factor.

= To get maximum acceleration:

2

ot TO
Ttransit =loxit —lenter = 7 =d= ,Bﬂ/Z = Vc - ;EOd

Thus for the pillbox cavity T=2/p .
= The accelerating field E,. is defined as E,..= V./d .
Unfortunately the cavity length is not easy to specify for shapes

other than pillbox so usually it is assumed to be d = bl/2 . This
works OK for multi-cell cavities, but poorly for single-cell ones.




Acceleration 1nside RF cavity (cont..)

Now let’s consider a pillbox cavity where £, field is constant and extends from —
d/2 to +d/2. Field decays very fact in the pipe

dl2
V.=E, fsm( )dz 0

-d/2

dr2
V.=E, J. cos( )dz E, v, sin 0yd =V =E d- sin X, ;X = ®,d
i * o, 2v X 2v

t

VRF =

f ;tan(cpo) =0;

e Thus, the accelerating voltage differs from the ideal
> E d by the transit time factor

Ver _ FF = sz ; w,d
E d X, T 2v
*  Thus making cavity longer than the distance particle passed during >
AE = gV, - COSQ,;@, = 0t of the RF period makes no sense (X,=7/2)
E, Vc,FF

1.0 x,=24_1

' fo2v 2

ot 0.5 FF, =0.63662

1 1 1 e L 1 x,
_ 2 4 8 Yﬁ
-0.5[

-1.0}




What are f=x cavities

For heavy particles like protons, it takes a lot of RF cavities to accelerate to velocity
comparable to speed of the light

Hence, there are so called low-f3 cavities designed for slow particles

You will see in literature f=0.1, f=0.5... cavities — it means that they are designed. For
particle traveling nearly speed of light cavities called B=1.

B =1 Pillbox
=v/C

RFﬁ
1\ 1
. C
| > FF, (B =1)=0.6366

‘—r[

R FF,(B =0.8)=0.4705
FF, =0.63662
FF,(B=05)=0

AE =gV, -cos@, ;p, = wt




What about f#constant

Typically we can use approximation that velocity of accelerating beam is nearly constant

when it passing the cavity gap.

This assumption is good for ultra-relativistic electrons/positions which are moving with
velocity very close to the speed of light.

This assumption is also a good approximation for heavy particles (ions or protons) when
the energy gain per one accelerator cell is a small portion of the particle’s rest mass energy.

This assumption is violated and can not be used for electron guns, where electrons can
accelerate from zero velocity to nearly speed of light. Equation of motion are both time-
dependent and non-linear. You can estimate the result, nowadays it is normal to use

1%%¥Hz SRF Gun v=1.1MV, Q=1000pC Tflat=3(

numerical codes to get all beam

dynamics correctly.

bl
i
£l

B

¢ field data from file FRQ VS _STALK -0.6.AF
e line 1: 112MHz BNL Electron Gun Cavity.

Z (cm)

113 MHz SRF photo-emission
Electron gun for CeC

138
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Multi-cell cavities

We learned so far that single cell RF cavity has limited accelerating voltage

To gain more energy we can either use more individual cells or use multi-cell cavities

The first path, while feasible, is expensive (each cavity would need individual transmitter,
waveguide, controls, etc.) and less effective — the average accelerating gradient (energy gain per
meter of real estate) would be low

Thus, where the acceleration gradient is important, the accelerator community uses multi-cell
cavities




Why multi-cell cavities?

N N N N N Fal A& ¢
E—— — — — —  — 1 F= 25 %
. .
Input input input Input input input
coupler coupler coupler coupler coupler coupler
higher fill-factor: fewer
7 * input couplers
total length * waveguide elements
* RF control systems
= lower costs
]
= better beam
passive
- - - -
e S T
input input input
coupler coupler coupler
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5-cell linac




Multi-cell cavities

= Cavity consisting of n-cell 1s similar to N-coupled linear oscillators or resonant contours

= They all have nearly identical frequencies, but coupling splits then in n modes

coupling

e N L C L C
/“\//\\/ | \ W'l—fﬁﬂa\—lf— pfﬁ‘?‘“—l—
—_ i c;\IJ R, fI '| :(‘ fI?_ _]. L c _J
: < < 12 < CL T
N\ NS [ — —
cell#n-1 cell#n "cell #n+1 0 0 0

= The width of the pass-band (frequencies of various coupled modes) 1s determined by the strength of
the cell-to-cell coupling & and the frequency of the n-th mode can be calculated from the dispersion

formula
7777777 A 777

2
(L) —1+2kll cos(’;y;)] T D T T

0

where N 1s the number of cells,
n =1 ... N1is the mode number.
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Two coupled oscillators:
0-mode and n-mode

g2(w)

. —
— )y (B



Multi-cell cavities: coupled oscillators

Several cells can be connected together to form a multi-cell cavity
Coupling of TM,);o modes of the individual cells via the iris causes them to split

0-mode does not give any advantages — all cavities have the same direction of the field...
n-mode is of special interest for us:

= electric field has opposite directions on neighboring cells
= particle passes through accelerating voltage in a cell in half of RF period

= when particle crosses to the next cell — it sees again accelerating voltage

Tt - Mode
N/
St S S
e, E
SN
SEOY S S
N
2 coupled cells E— 2TM,,, modes

n coupled cells - n TM,,;, modes 48
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Traveling and standing wave structures

* We know very well structure of plane EM wave
propagating with speed of light

E) =R€(E °€i(w0t¢k02))ER€(E) °€iik0(2$a));k :—O;E :O;
+ o o o C V4

* Combination of contra-propagating waves results in a
standing wave

E ,=R6(E) -ei(wotikoz)+ﬁ ei(wOHkoz)):z-cos(k Z) .Re(E .eia’ot)
SW 0 0 0 0

* Unfortunately, these waves are not useful for accelerators —
E and B are perpendicular to direction of propagation.

N\ [~
%
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Traveling and standing wave structures

We can create z-components of EM field using >
transmission line for TM, or TE, modes o >

E =Re(l_~f -ei(wotiklz))ERe(ﬁ -eiikl(z¢cr));k=,/k2—k2; ?
+ nm nm Z o0 nm

Waves wit frequencies above the cut-off w_ =ck,,, «
will propagate in the waveguide

Naturally, you can construct a standing wave

Essze(E)nm- ei(wotik::) + Enmei(onk::)) =2. cos( k:z) : Re(ﬁnm- eiw0t> %@@@{
Unfortunately, the phase of the wave in the |
waveguide is faster than the speed of light and

particles can not keep-up with the wave

k .
vV o= “o =cC- 2 >c —><E)i(t, + V1) >~ <Re(el(koiki)m) >=0

Z ph
N
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The problem 1s solved by introducing
irises/semi-1solated cells te olavr tha EM waye

\“‘

Input Power from RF Amplifier

B Output Power
E(r=0) to Load

e
DDA
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Multi-cell cavities - coupling

= Each isolated cavities (cells) has a resonant frequencies at the desired mode, which are
tuned to w,.

= EM fields in the cells are coupled through opening in irises or slots at the cell’s perimeter

coupling
is hole

/ \K//m\\‘u/\jr/\
NN

cell #n-1 cell#n cell #n+1

Coupling factor: k cc =

= While there are several methods to estimate coupling, using EM codes serves us best

= [t 1s worth mentioning that larger iris provides for stronger coupling and better uniformity
of the field

= But increasing the iris reduces the electric field on axis (shunt impedance) and reduces
accelerating gradient of such accelerator - hence, there is a compromise
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Multi-cell cavities - coupling

= There are too many engineering details in designs of the multi-cell cavities to include in this course

= This includes type of the coupling between cells (inductive, capacitive or mixed). For example, the
slot coupling on the sides of the cavities can also results in the phase delay.

= Engineers like using coupled resonant circuits to describe the system, but there is an excellent
analogy between the multi-cell cavity and set of coupled oscillators which is closer my heart

L ¢ L WL L AL L

=) 1, | = L] =
et

RO RO RO

X +a)2-x =v x2
1 o 1 xl+w§~xl=u~(x +x,)ix =
X ‘w2 x =u (x + X ) . 2., i
0 1 +1 xn+a)0-,\ =v-(x, _+x,.))
2 —y- NT @ XN=V (Xy_F Xy, )5 X =0;
N+a) N=V xN—l N+1

we intentionally decided not assume the relative sign of coupling from up- and down-stream cells .,



Multi-cell cavities - coupling

= Solution of this equations 1s known x =a "IN 54 coswt - sin(n- 0) ;

2 .2 Lol(wt—n-0) —,,. 4. pi(wt—n-0) , i0 4 p—1i0) .
(a)o w-)a-e v-a-e e+ e ;

10) 2v ]
—=4/1—a-cosb;a=—<<1; 0.=2r- (m+ —}
2 ! N

0)0 a)o
= For the traveling field in the cavity, this solution would imply that structure of the field in each cell is

reputed itself with a phase shift > > . 0
Eo(z+d,7l) =E0<z,7‘l) e, K=E>O,

N
2 = . - E ., 0<z<d
E(Z’?L’I) =R62Ec(7l’z_n'd)'el(w_K':);Ec(T}i’Z): “
_ ) n=1 0, z<0orz>d
= Expanding field in the cell we get
o W n= 0o
E», ( _L,Z) Z 2 —m k.2, k N E(Z - )=Re Z E,”.ez<wr—(l<+nkc).:)
n=— 00 d n=-— 00 '

with a set of phase velocities vy, =w/(k+nk,) that can fit the particle’s velocity for positive or zero n.

= The dispersion relations between RF frequency and k-factor is defined above
i(wt—n-0+¢ ) .
x =a-e " =>qa-coswt-sin(n-0);

2_ .2 Lol(wt—n-0) —,;,. 4. pi(wt—n-0) , i0 4 p—10) -
(a)o w-)a-e v-a-e e+e ;

) 2v ]
—=4/1—-a-cosl;a=—<<1; 0.=2x- (m+ —];
2 i N

Cl)o a)o



Multi-cell cavities - coupling

= What it means that we can choose frequency which is matched with velocity of the particles

" \/ (kod ) o \/ (kod)
— =4[ l—a-cos|——=2x-n|= —=4[/1—a-cos| —
® p @ p

o o
and to use these dispersion relations to identify maximum and minimal frequencies that can propagate in
this structure and k-values(and of cause f) for our design frequency ®

1100 1.15‘{0
4-05-— C‘)max 1.05 r
N /N /N /N /N [ ANV ANYA YA AN 4
\J\/ X/ \/J \/ \/ \/ Y/ \/ \J
o: Opin -0
0.90:— 0.90:
Harmonics : i
b 1 0.85 0 1 ? 5 i 0.85 - 1 ?
6 8
4 2 0 2 4 2k; 4 P 0 2 4 2k;

Backward wave
Forward wave

@®
= The direction of the propagation is defined by group velocity v,=—— which is the same for all

. dk
harmonics z 0



Standing and traveling wave multi-cell cavities:
the main difference 1s e flow of RF power

|7

Z 1 nel
COOLING WATER INLET RF OUTPUT WINDOW | U
SLOTTED VACUUM > é, =
PUMPING PORT I
COMPENSATION WELL I |

;“guuuuuuuuuuuuuuud

II II =
| INPUT COUPLING APERTURE
E i ANNULAR COOLING
g‘-ig i WATER MANIFOLD
Ri= )
S
FSMll  STAINLESS STEEL
— i — END PLATE COOLING WATER OUTLET _J
| T RF INPUT WINDOW BEAM PIPE FLANGE
[~ |
1= n=oo
E( ) Z x+ ’kc)‘:)+ Z P b_ez(w1+(x+nkr)-:) _
n
n=—- o0 n=-— o

n=oo

= 2Re Z e"wfﬁnf cos(x-{- nkc) -z=Em_( z) -cos(wt+ @)

n=-—o
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Real multi-cell cavity
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= Figure shows an example of calculated eigenmodes
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SLAC cell

* Since traveling wave linac need a lot of power to operate, they
operate 1n a pulsed mode

* The power comes from one side of the linac and propagating with
the group velocity and takes time to fill the entire cavity (excite all
oscillators to the same amplitude) before accelerating beams

* Group velocity depends on the coupling ZT(U ~a and relatively
strong coupling 1s needed in traveling wavesstructures
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Transverse focusing

Most of accelerating cavities — because of simplicity and
convenience — have azimuthal symmetry

Let’s consider a linac with z-electric field on axis
E =Re(E_(2)-¢"")
Z Z0

and using absence of the charges
. OE  OE aEy OE_ OE OE
W=y T ox T oy VT ox ey o

connect transverse derivatives of the field. For axial symmetry
OE OE OE OE
X Yy _ r 1 b4

Ox Oy or 2 0z
and from second Maxwel equation

| .*__lag _ 63(}_iaE§
curl B = ¢ Ot 2 or ¢ Ot
yielding first order of field extensions
OE OE OE
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Standing wave

* For standing wave is cavities with symmetric cells (typical)

E =F (z)cos(a)t+q0)=E 'cos(a)t+(p)' Za cos(nk z)
Z 20 0 n c

n=1

* we get “rational” expression for the force

k -r o ko -
E = L2 E cos(wt +¢) - 2. n1 . a”sin(nkcz); B,=- 02 E sin(w? + @) - nzlancos(”kcz);
~ =
dP,_ eE0 “r o
o = — 5 ,1§1a"(k”sm(wt + qp) . cos(nkcz) - nkc -cos(wt + (p) . sin(nkcz))

* And for traveling wave

E =E i a”cos(wt to —(K +nkr)z)

n=1

dP

r

dz

k + (;c + nkc>

= —¢E, - rnila” sin(a)t +¢— (lc + nkc)z)

2
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Average focusing

Analytical approximations are possible only simplest case with significant
approximations, such as constant RF phase, small variations of the
particle’s momentum.

One important case is of relatively weak focusing and short cells size - in
other words very large £..

This case required a little bit of preparation: so called motion in fast

oscillating field
dP

r

dz

=r'Za sin(nk +@ )
" n C n

Perturbation of second order gives

dPr 7 00 ai
3
C

dz

Putting coefficient from previous page gives us averaged focusing field in
an axially symmetric linacs
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How 1t 1s done

A"

cos[a)0 —+ q)] = cos((o)cos[a)o %) — sin((p)sin(a)o Ej

\% \%
o | ,
AE = qcos jE cos[ )dz qsm((p) IEo(z)cos sm(wo ;]dz
V.= IE cos(a)o E)a’z; V = ]:Eo (z)sin(a)o E)a’z
\%
Ve =V +V? ;tan(goo) = %;

AE=qV,, cos(g0+g00)

t= —AE qJ-E cos(a)t+(p dz qIE cos[ 0%+¢]dz

For particle moving with constant velocity all cavities
are described by accelerating voltage and phase!
Nothing else



Average z-motion

If we can assume that energy gain in a cell 1s given by

eV
AE =¢eV-cosgp A(5=E—'c08(p

o

and time of flight change
k d

Ar= 6= Ap=wAr=——0"0

(vB)? 0= A= c(yB)?

gives us cell-averaged equations of motions

dg k, a5 °E,

- o — = cos
dz (yB)? dz  ymc?

1.e. a well known pendulum equation: this is for the next class
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