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Emittance of the beam. For quite a while we were saying words such as emittance or phase 

space volume occupied by a beam without a rigorous definition what it is? While intuitively we 
can understand this concept as well as get grip of Liouville theorem and Poincaré invariants, we 

still lack accurate definition of emittace. To no surprise, there is a number of definitions used for 

the beam emittances: RMS, core-, 95%, etc… Having something very rigorous would help you 

to navigate the topic without being lost… 

 

Fig. 1. 1D phase space distribution of particles with RMS-emittance ellipse and one containing 
all particles found in the plot. 
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Now we should try to find the matrix of quadratic form and we will start from obvious complex 

form of (4) 

 (6) 

with detailed structure 

   (7) 
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Look at 1D case for simplicity: 

,  (10) 

After a simple manipulations – which we forgo because we will do this for an arbitrary 
dimensionality-  one can easily prove that   

    

determinant of  matrix indeed an RMS emittance for Gaussian distributions.  
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B. Quadratic moment invariants 

Consider a quantity of 

   (21) 

Let’s show that  is indeed a kinematic invariant: 

  (22) 

Hence, there is infinite number of quadratic moment invariants, but all odd order invariants are 

simple zeros: odd number invariant contains odd number of S, which is asymmetric. In contrast, 

 is symmetric by definition. Hence: 
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We can calculate directly: 
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Lemma 2. Consider a Hamiltonian defined as: 

    (30) 

which is positively definite. Hence, there exists c>0  
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Lemma 3. Spectrum of is T purely imaginary pairs. Its eigen vectors form a basis and bring T to 

diagonal form, even in case of non-distinct eigen values. 

Proof: Consider a Hamiltonian equations 

   (34) 

Let’s consider that matrix T can be brought to Jordan normal form 

    (35) 

The matrix  has also normal form, which we studied in the Sylvester formulae class. 
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   (36) 

which is in contradiction with the simple fact that energy is conserved for s-independent 

Hamiltonian: 
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Lemma 5. Starting with vector , one can construct vectors  such that 

    (44-46) 

Proof. In simplest case of distinct eigen values, it is coming from previous lemma plus simple 

normalization of the vectors.  

The proof is for arbitrary case. Let’s consider a degeneracy of  of order h (in 3D case it is 
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End of lecture 18
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with trivial follow up by making Canonical (unit determinant) transformation of variables: 

   (61) 
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How to calculate the Σ matrix and connect it with parameterization 

In practice particle’s displacements are taken from the position of reference particle (orbit) and if 
beam as a whole is displaced  

      (71) 

its center will execute oscillation (or at least collective motion) in the beam-line. If the position 

in the phase of the beam centroid can be corrected (or used as the reference!), we can remove the 

average displacement and use more traditional definition of the correlation matrix: 

  (72) 

with the rest of treatment being identical to the above.  To find a set of eigen vectors suitable to 
describe the actual 6D beam distribution we need to find eigen values of supporting matrix 

 by solving cubic equation on squares of its eigen values (they come in ( ,- ) pairs): 

   (73) 
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and follow the Gram-Schmidt  procedure to find the set of symplectically orthogonal eigen 
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1D case it is rather simple for selecting phase in (59) to have coordinate component in Q: 

 (79) 

In case of higher dimensions (two and above) this choice is not obvious, since any of eigen 
vector component in general can be zero. The only one invariant of motion is beam emittance. 
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Not all of these invariants are useful: 

      (102) 

Conditions (a) and (c) are result from fact that  is symmetric tensor relative to all indices 

and asymmetric  appears in odd power. Case (b) is more interesting because it has even 

number of  but its indices summed against symmetric indices of : 

 
Some of non-zero high order invariants for 1D case are shown bellow 
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and it clearly indicates the complexity of them as well removing desire to calculate them for 3D 

case…  
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Now, just few words about mixed invariants: they are build from W-blocks as follows: 

   (105) 
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is odd, the mixed invariant is zero, unless corresponding is even. Also, they are zero 

unless . An example of mixed invariants: 

   (106) 
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What we learned in 2 classes
• We studies some of best-known kinematic invariants of motion in linear 

Hamiltonian systems – eigen “RMS” emittances

• We define classes of invariants, including those coming from quadratic form (Σ-

matrix) of phase space particles positions

• We found eigen “RMS” emittances them by transforming the quadratic form (Σ-

matrix) using a symplectic transformation     in the phase space to positively 

defined double-degenerated diagonal matrix

• The diagonal terms are nothing else that eigen emittances which are invariants of 

motion

• We than compared our finding with parameterization we used for the describing 

particles motion – using a Gaussian distribution we got for a storage ring with 

synchrotron radiation -  and found relation between the parameterization and  the 

symplectic matrix     :

• This provided us with additional way of determining parameterization of particle’s 

motion in any piece of accelerator, not only in period systems

• We gave a brief look into algebra of higher order forms and corresponding 

invariants but stopped short of  determining how many of them are independent.
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